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Foreword
There has been tremendous growth in the field of civil engineering in recent times. 
The structures have evolved from being simple and straightforward in configura-
tion to more complex ones in terms of shape, geometry and design requirements. 
Modern-day architecture demands very intricate structural design in making a built 
environment efficient and sustainable. In the era of fast-paced growth, there are 
numerous finite element packages available to reduce the computational effort and 
time. However, one should have a strong foothold in the basic concepts of structural 
engineering as most of the numerical work is handled by computer.

This book addresses the basic structural forms such as orthogonal and non-
orthogonal planar frames, space frames and trusses that go into the making of com-
plicated structures. The approach adopted is based on the intuition that an engineer’s 
ability to perceive a concept is through simple models. Numerous examples have 
been included to illustrate the fundamental concepts more clearly. Hence, in addition 
to conceptual understanding, an effort is made to include the basics of computation 
with detailed examples. The book consists of five chapters.

The analysis steps have been explained in a classroom style of teaching and the 
computer programs for MATLAB® platform have been introduced in the form of 
examples. These computer programs cover matrix operation for a variety of struc-
tural forms and responses. The illustrative examples in the book enhance the under-
standing of the structural concepts stimulating interest in learning, creative thinking 
and design. In conclusion, the book stems from a void in conceptual understand-
ing of the structural behavior, based on problem solving experience with students 
exposed to engineering mechanics and mechanics of materials.

The author of this book, Professor Srinivasan Chandrasekaran, is a renowned 
teacher and researcher with diverse industrial experience in structural engineering. 
He has already authored many peer-reviewed journal articles, conference papers, 
textbooks and reports on international projects. His rich expertise and experience in 
the teaching of fundamentals of structural analysis at IIT Madras has been brought 
out now in the form of this new book. I strongly believe this textbook to be an ideal 
resource for students and teachers, and a comprehensive reference for practitioners. 
I congratulate Professor Chandrasekaran for his total commitment to the advance-
ment of technical education. I hope that many will learn from this book and apply its 
principles in their profession. 

Katta Venkataramana
Professor, National Institute of Technology 

Suratkal, India

Foreword Foreword



https://taylorandfrancis.com/


ix

Preface
Analysis of civil engineering structures is becoming more complex essentially 
due to different structural forms that are conceived by architects and engineers to 
accommodate various functional requirements. Conventional analysis tools guide 
engineering graduates and practicing professionals in addressing such issues, but 
accuracy and compactness, in terms of varied solutions, are difficult. Matrix meth-
ods in general, and the stiffness method in particular, are very powerful tools to 
model complicated structural forms and to perform the required analysis. However, 
the application of matrix algorithms in a more generic form to solve all types of 
problems, namely beams, trusses, planar orthogonal frames, planar non-orthogonal 
frames, three-dimensional trusses and space frames, needs to be addressed in a step-
by-step manner to resolve all possible doubts that may arise during solution proce-
dures. While acknowledging the ingenious efforts made by authors from all over the 
world on this front, this book is a humble attempt to revisit these concepts with more 
elaborate explanations and very strong hand-supportive computer coding. One of the 
main objectives of this book is to help solve problems using matrix methods along 
with a familiarization of computer coding to solve such problems. MATLAB® is a 
well-established and proven tool to handle such complex problems in a very simple 
and highly supportive manner.

This book starts with an analysis of beams and planar orthogonal frames, and it 
also addresses problems of truss elements, special elements, planar non-orthogonal 
frames, three-dimensional trusses and space frames. One of the most attractive fea-
tures of this book is how it explains the problem solution which is highly compatible 
with computer coding using MATLAB. Each problem is carefully examined and 
degrees-of-freedom (both restrained and unrestrained) are marked in a more generic 
manner with a uniform sign convention throughout the text of this book. Matrix for-
mulation of the problem is clearly presented step by step; this is also followed while 
writing the computer code for solving the problem. Example problems given in each 
chapter are solved using MATLAB coding, while input data to use the coding is 
explained in detail. The output obtained from the coding is plotted as a screenshot 
for better inference of results. Numerous exercise problems are given along with 
solutions that enable the readers to use the same computer code with a minor modi-
fication to suit the inputs for the problems.

One of the salient features of this book is that similar computer code as that 
for two-dimensional is used for three-dimensional analysis, except transformations 
that are required from local to global axes systems. The book also supports many 
practice papers to ensure a high level of confidence while solving such problems. A 
Solutions Manual and additional instructor resources are available as downloadable 
e-resources on the book’s CRC Press webpage at https​://ww​w.crc​press​.com/​Advan​
ced-S​truct​ural-​Analy​sis-w​ith-M​ATLAB​/Chan​drase​karan​/p/bo​ok/97​80367​02645​
5. MATLAB files are also available in downloadable format on same webpage. 
The author sincerely thanks the Centre for Continuing Education, Indian Institute 
of Technology (IIT) Madras, for extending administrative support in preparing the 

http://https​://ww​w.crc​press​.com/​Advan​ced-S​truct​ural-​Analy​sis-w​ith-M​ATLAB​/Chan​drase​karan​/p/bo​ok/97​80367​02645​5
http://https​://ww​w.crc​press​.com/​Advan​ced-S​truct​ural-​Analy​sis-w​ith-M​ATLAB​/Chan​drase​karan​/p/bo​ok/97​80367​02645​5
http://https​://ww​w.crc​press​.com/​Advan​ced-S​truct​ural-​Analy​sis-w​ith-M​ATLAB​/Chan​drase​karan​/p/bo​ok/97​80367​02645​5
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manuscript of this book. The author also thanks MATLAB for permitting usage of 
MATLAB codes throughout the text of this book.

The computer programs used in the book are written using MATLAB, follow-
ing well-established programming concepts. Program coding is written following 
the same steps as those for conventional analysis using the stiffness method. The 
program codes were written by Nagavinothini.R and verified by a team of research 
scholars, Department of Ocean Engineering, IIT Madras. Nagavinothini.R is senior 
research scholar in the Department of Ocean Engineering at IIT Madras, Chennai, 
India. She is currently working on dynamic analysis of offshore new generation com-
pliant platforms in ultra-deep waters under environmental and accidental loads. She 
is a University Rank Holder and Gold Medalist, who has published many research 
papers in refereed journals. Her research interests include dynamic analysis of struc-
tures, computer-aided analysis of structures, design and optimization of structures.

Utmost care has been taken to check solutions and to correct errors, but the author 
does not claim or guarantee the correctness of outputs using the provided computer 
codes. Readers are asked to verify based on their independent capacity and then use 
the codes for practical applications.

Srinivasan Chandrasekaran
Department of Ocean Engineering

Indian Institute of Technology
Madras, India

MATLAB® is a registered trademark of The MathWorks, Inc. For product informa-
tion, please contact:

The MathWorks, Inc.
3 Apple Hill Drive
Natick, MA 01760-2098 USA
Tel: 508-647-7000
Fax: 508-647-7001
E-mail: info@mathworks.com
Web: www.mathworks.com

mailto:info@mathworks.com
http://www.mathworks.com
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1

1 Planar Orthogonal 
Structures

1.1 � INTRODUCTION TO STRUCTURAL ANALYSIS

The first and foremost step in structural analysis is problem formulation using an 
appropriate mathematical model. There are two models widely used in classical 
structural analysis, namely: (1) the statically determinate model and (2) the statically 
indeterminate model. Statically determinate models are relatively easier as they use 
only the basic equations of static equilibrium to solve the problem. Hence, one should 
look for ways to solve problems related to statically indeterminate models through 
computer methods. In order to solve the problems, it is important to formulate a stan-
dard procedure, which should be generic in nature and not problem-specific. Thus, it 
is important to note that the models should be restrained  from any action to enable 
solution of the problem by using a standard equation of statics. This can be done by 
grouping the formation. Grouping is done through two methods, namely: (1) the flex-
ibility method; and (2) the stiffness method.

Both of the previously mentioned methods are frequently used to simplify the 
model to be solved by using only the standard equation of statics. Both methods are 
equally powerful and useful; there is no supremacy of one method over the other. Any 
method can be used for grouping based on the user’s convenience. But, a method that 
is easily programmable is preferred, as the main objective of this book is to make 
the problems solvable through computer methods. There is a significant difference in 
identifying the unknowns for formulating the problem. In the flexibility method, the 
unknowns are actions such as shear force, axial force and bending moment. In the 
stiffness method, however, the unknowns are displacements such as translational and 
rotational displacements. Basic assumptions applicable to both methods are as follows:

	 1.	A linear relationship exists between an applied load and the resulting dis-
placement of the structure. This makes the principle of superposition valid 
through the formulation.

	 2.	The material of the structure must obey Hooke’s Law, which says that the 
material must not be stressed beyond its elastic limit.

	 3.	The equations of static equilibrium shall be developed using the geometry 
of the un-deflected model. The change in geometry caused by the imposed 
loads is negligible when compared to original geometry.

1.2 � INDETERMINACY

Both flexibility and stiffness methods circumscribe the problem formulations around 
the term indeterminacy. It is important to understand indeterminacy in terms of 

Advanced Structural Analysis with MATLAB® Planar Orthogonal Structures
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problem formulation by either the flexibility or the stiffness method. There are two 
types of indeterminacy, namely:

	 1.	Static indeterminacy
	 2.	Kinematic indeterminacy

1.2.1  �Static Indeterminacy

Static indeterminacy is the term related to the flexibility approach. It is defined as the 
number of actions (e.g. shear force, axial force, bending moment) that can be either 
external or internal, that must be released in order to transform the structural sys-
tem into a stable statically determinate system. Thus, the objective is to convert the 
known structural system into a statically determinate and stable system, for which the 
number of actions has to be identified. The degree of static indeterminacy is defined 
as the number of released actions, which specify the number of special independent 
equations that must be developed in terms of the released actions to analyze the sys-
tem. So, the approach used in the formulation and solution is the flexibility approach.

1.2.2  �Kinematic Indeterminacy

Kinematic indeterminacy is the term related to the stiffness approach. It refers to the 
number of independent components of joint displacements (both translational and 
rotational) with respect to a specified coordinate axis that is required to describe the 
response of the system under any arbitrary load. It can be seen that the kinematic 
indeterminacy or stiffness method is trying to reach a generic solution. This problem 
formulation needs to identify the number of independent displacement components, 
which will be invoked under the external forces acting on the system of any nature. 
It is important to note that the structure must be restrained to convert or transform 
the system into a kinematically determinate structure. A structure with all joint dis-
placements restrained is the formulation. The degree of kinematic indeterminacy is 
defined as the number of unrestrained components of the joint displacements (both 
rotational and translational). It is important to know that the degree of kinematic 
indeterminacy specifies the number of independent equations that must be written in 
terms of unrestrained displacements, if the system is to be analyzed using the stiff-
ness approach.

The differences between flexibility and stiffness methods are summarized as 
follows:

Flexibility Approach Stiffness Approach

This deals with static indeterminacy This deals with kinematic indeterminacy

The unknowns are actions such as shear force, 
axial force, bending moments, etc.

The unknowns are joint displacements such as 
rotational and translational displacements

The problem formulation converts the structural 
system into a statically determinate structure

The problem formulation converts the structural 
system into a kinematically determinate structure.
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Thus, the static and kinematic indeterminacies of any structural system are indi-
cators of the amount or extent of computational effort required to analyze the struc-
tural system either using the flexibility approach or the stiffness approach. It is clear 
that the structural analysis can be carried out by any of the two methods, which are 
equally useful and powerful numerically. The unknowns are released to convert the 
structural system into a statically or kinematically determinate system, so that the 
standard equations can be used to solve the system under applied loads.

If the problem formulation reduces the number of unknowns, then it is the best 
formulation attempted by a mathematician or an engineer. The number of unknowns 
in the system of equations purely depends on the choice of the method demanded. 
For a computer method of structural analysis, one should keep in mind that the 
method recommended should be more or less generic and not problem-specific. 
The degree of static and kinematic indeterminacies of standard problems are given 
subsequently.

1.2.2.1  �Continuous Beam
Consider a continuous beam of three spans with one hinged joint and three roller 
joints with reactions R1, R2, R3 and R4, as shown in Figure 1.1. The displacement 
unknowns, neglecting axial deformations are θ1, θ2, θ3 and θ4. We all know that 
there are three systems of standard equations available to solve the problem. The 
degree of static indeterminacy and the degree of kinematic indeterminacy are as 
follows:

	
Degree of static indeterminacy Number of unknown reactions

syste

=
– mm of standard equations

= =5 3 2– .

	

	 Degree of kinematic indeterminacy Number of displacements=
= 4

	

1.2.2.2 � Fixed Beam
Let us now consider a fixed beam with reactions R1, R2 and R3 at support A. Similarly, 
the reactions at support B are R4, R5 and R6, as shown in Figure 1.2. The rotational 
displacement which is free to move is zero. Thus,

Degree of static indeterminacy = 6 − 3 = 3
Degree of kinematic indeterminacy = 0

FIGURE 1.1  Continuous beam.
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1.2.2.3 � Simply Supported Beam
Let us consider a simply supported beam with reaction components R1, R2 and R3. 
The displacements are θ1 and θ2 as shown in Figure 1.3. Thus,

Degree of static indeterminacy = 3 − 3 = 0
Degree of kinematic indeterminacy = 2

1.2.2.4 � Frame
Let us consider a single story single bay frame with one end fixed and the other end 
on a roller support as shown in Figure 1.4. The unknown reactions are R1, R2, R3, 

FIGURE 1.2  Fixed beam.

FIGURE 1.3  Simply supported beam.

FIGURE 1.4  Single story single bay frame.
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R4 and R5. The independent displacements are θ1, θ2, δ3 and δ4 by neglecting axial 
deformation.

Degree of static indeterminacy = 5 − 3 = 2
Degree of kinematic indeterminacy = 4
From the previous examples, it can be seen that the number of unknowns is dif-

ferent depending on the choice of method. In order to summarize for the choice 
of method of analysis which governs the system of equations, the following is 
noteworthy:

	 1.	There are essentially two methods to solve the statically indeterminate 
structures, such as the flexibility method and stiffness method. So, the 
choice of the method depends on the computational convenience.

	 2.	For the flexibility method, there are several alternatives for the redundant or 
unknowns. Thus, the choice of the redundant has a significant effect on the 
computational effort.

	 3.	On the other hand, there is no choice of unknown quantities in the stiffness 
method because there is only one possible restrained structure. Therefore, 
this has a set of standard procedures. 

	 4.	Based on computer methods of structural analysis, one can say that the 
choice of the method should not be geometry specific. It should be more 
generic and repetitive in nature.

Thus, the stiffness method is a better choice fulfilling all the previously men-
tioned requirements. In this book, the stiffness method is used for elaborating the 
application procedures. After identifying the variables in a given system, such as 
rotational or translational displacements for every joint, it will result in the formation 
of a set of linear equations. 

1.3 � LINEAR EQUATIONS

A system of ‘m’ linear equations with ‘n’ unknowns is expressed as follows:

	 a x a x a x bn n11 1 12 2 1 1+ +¼+ = 	

	 a x a x a x bn n21 1 22 2 2 2+ +…+ =
……

	 (1.1)

	 a x a x a x bm m mn n m1 1 2 2+ +¼+ = 	

The previous set of equations can be written in matrix form as follows:

	

a a a

a a a

a a a

x

x

x

b

b
n

n

m m mn n

11 12 1

21 22 2

1 2

1

2

1

2

é

ë

ê
ê
ê

ù

û

ú
ú
ú

ì

í
ï

î
ï

ü

ý
ï

þ
ï
=

bbm

ì

í
ï

î
ï

ü

ý
ï

þ
ï
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	 A x Béë ùû{ } = { }	 (1.2)

Pre-multiply the previous equation with A−1 on both sides,

	 A A x A Béë ùû éë ùû{ } = éë ùû { }- -1 1
	

	 I x A Béë ùû{ } = éë ùû { }-1
	

	 x A B{ } = éë ùû { }-1
	 (1.3)

Thus, the previous equation gives the unknown ‘x’ by multiplying the inverse of the 
matrix A and B vector. Now, the problem is to compute the inverse of a matrix. 

1.3.1 �I nverse of a Matrix

Inverse of matrix A is given by,

	 A
adj A

A
éë ùû =

-1
	 (1.4)

In a given square matrix, replace each element aij of the matrix [A] by its cofactor 
αij. Transform the cofactor matrix to obtain adjoint matrix. The following simple 
example will give the procedure to find the inverse of matrix.

Consider a matrix, A = 

1 5 2

0 4 1

0 2 1

é

ë

ê
ê
ê

ù

û

ú
ú
ú
. Find Aéë ùû

-1
 by adjoint method.

	 A = ´( ) - ´( ){ } =1 4 1 2 1 2	

Cofactors are given by,

	 a11
1 1

1
4 1

2 1
2= -( ) =

+
	

	 a12
1 2

1
0 1

0 1
0= -( ) =

+
	

	 a13
1 3

1
0 4

0 2
0= -( ) =

+
	

	 a21
1 3

1
5 2

2 1
1= -( ) = -

+
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	 a22
2 2

1
1 2

0 1
1= -( ) =

+
	

	 a23
2 3

1
1 5

0 2
2= -( ) = -

+
	

	 a31
3 1

1
5 2

4 1
3= -( ) = -

+
	

	 a32
3 2

1
1 2

0 1
1= -( ) = -

+
	

	 a33
3 3

1
1 5

0 4
4= -( ) =

+
	

The cofactor matrix is written as:

	 αij = − −
− −

















2 0 0

1 1 2

3 1 4

	

	 Adj A ij
T

=  

− −
−

−

















=α
2 4 3

0 1 1

0 2 4

	

Thus,

	 A
A

A
éë ùû = =

- -
-

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú
=

-
-

-1 1
2

2 4 3

0 1 1

0 2 4

1 1 2 3 2

0 1 2 1 2
adj

/ /

/ /

00 1 2-

é

ë

ê
ê
ê

ù

û

ú
ú
ú
	

To check:

	 A Aéë ùû éë ùû =
-
-

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú
´
é

ë

ê
ê
ê

-1

1 1 2 3 2

0 1 2 1 2

0 1 2

1 5 2

0 4 1

0 2 1

/ /

/ /

ùù

û

ú
ú
ú
= éë ùû =

é

ë

ê
ê
ê

ù

û

ú
ú
ú

I

1 0 0

0 1 0

0 0 1

	

1.3.2 � Solution of Linear Equations

Let us express the matrix A as a system of equations,

	 x x x1 2 35 2 2+ + = 	

	 4 52 3x x+ = 	
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	 2 42 3x x+ = 	

Now, these set of equations have to be solved to get the variables (x1, x2, x3). In matrix 
form, the equations can be written as follows:

	

1 5 2

0 4 1

0 2 1

2

5

4

1

2

3

é

ë

ê
ê
ê

ù

û

ú
ú
ú

ì

í
ï

î
ï

ü

ý
ï

þ
ï
=
ì

í
ï

î
ï

ü

ý
ï

þ
ï

x

x

x

	

	

x

x

x

A
1

2

3

1

2

5

4

1 1 2 3 2

0 1 2 1 2

0 1

ì

í
ï

î
ï

ü

ý
ï

þ
ï
= éë ùû

ì

í
ï

î
ï

ü

ý
ï

þ
ï
=

-
-

-

-
/ /

/ /

22

2

5

4

6 5

0 5

3

é

ë

ê
ê
ê

ù

û

ú
ú
ú

ì

í
ï

î
ï

ü

ý
ï

þ
ï
=
-ì

í
ï

î
ï

ü

ý
ï

þ
ï

.

. 	

If one can generate a system of equations with unknowns as variables, then this set 
of equations can be solved using matrix inversion. This is an easy method to solve 
for the variable as given by equation 1.3. 

	 x A B{ } = éë ùû { }-1
	

This is true only when Aéë ùû
-1

 exists. It should also be noted that x{ } purely depends 
on B{ } and Aéë ùû

-1
 does not change to get the value of x{ }. Assume matrix A as a 

stiffness matrix of a given system, B as a load vector and x as a displacement vector. 
Through this comparison, it can be seen that the value of the displacement vector 
for a changed load vector can be found without changing the inverse of the stiffness 
matrix. In the case that B{ } is zero and when Aéë ùû

-1
 also exists, then the possible 

solution is said to be a trivial solution, that is, x = 0. In this case, Aéë ùû
-1 does not exist, 

then the previous set of equations will lead to non-trivial solution.

1.4 � MATRIX OPERATIONS

1.4.1 � Submatrix

Let A be the given matrix, then the submatrix is defined as a matrix formed by deleting 
specified rows and columns of the matrix A. Instead of deleting the rows and columns, 
partitioning can also be done. This is a useful technique when the matrix size is very large.

Let us assume a set of algebraic equations as follows:

	

y a x a x a x a x a x

y a x a x

q q q q n n1 11 1 12 2 1 1 1 1 1

2 21 1 22 2

= + +…+ + +…+
= + +…+

+ +,

aa x a x a x

y a x a x a x a x

q q q q n n

n n n nq q n q

2 2 1 1 2

1 1 2 2 1

+ +…+

= + +…+ +

…
…
…

+ +

+

,

, qq nn na x+ +…+1

	 (1.5)
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Then, the previous set of equations can also be grouped.

	

y a x a x a x a x a x

y a x a x

q q q q n n1 11 1 12 2 1 1 1 1 1

2 21 1 22

= + +…+( ) + +…+( )
= +

+ +,

22 2 2 1 1 2

1 1 2 2

+…+( ) + +…+( )
…

= + +…+( )

+ +a x a x a x

y a x a x a x

q q q q n n

n n n nq q

,

++ +…+( )+ +a x a xn q q nn n, 1 1

	 (1.6)

Now let us express both sets of equations in matrix form:

	

y

y

y

a a a

a a a

a a a

x

x

n

q

q

n n nq

1

2

11 12 1

21 22 2

1 2

1ì

í
ï

î
ï

ü

ý
ï

þ
ï
=
é

ë

ê
ê
ê

ù

û

ú
ú
ú

22

1 1 1

2 2 2

1x

a a

a a

a a

x

q

q n

q n

n q nn

qì

í
ï

î
ï

ü

ý
ï

þ
ï
+

¼
¼
¼

é

ë

ê
ê
ê

ù

û

ú
ú
ú

+

+

+

,

,

,

++

+

ì

í
ï

î
ï

ü

ý
ï

þ
ï

1

2x

x
q

n

	 (1.7)

Now the vector y can be written as,

	 y A x A x{ } = éë ùû{ }+ éë ùû{ }1 1 2 2 	 (1.8)

where,

	 A

a a a

a a a

a a a

q

q

n n nq

1

11 12 1

21 22 2

1 2

éë ùû =
é

ë

ê
ê
ê

ù

û

ú
ú
ú
	

	 A

a a

a a

a a

q n

q n

n q nn

2

1 1 1

2 2 2

1

[ ] =
…
…
…

















+

+

+

,

,

,

	

	 x

x

x

xq

1

1

2{ } =
ì

í
ï

î
ï

ü

ý
ï

þ
ï

	

	 x

x

x

x

q

q

n

2

1

2{ } =
ì

í
ï

î
ï

ü

ý
ï

þ
ï

+

+ 	

There should be a perfect compatibility among the multiplying matrices, shown as follows:

	 y A x A x
n n q q n n q n q

{ } = éë ùû { } + éë ùû { }´ ´ ´ ´ -( ) -( )´1 1 1 1 2 2 1
	 (1.9)

The number of columns and the number of rows of the adjacent multipliers should 
be same. The compatibility is required to ensure grouping. Now, it can be said 
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that A1éë ùû  is a submatrix of [A] of size n q´  and A2éë ùû  is a submatrix of [A] of size 
n × (n − q).

1.4.2 � Partitioning of Matrix

Let,

	 y A x{ } = éë ùû{ }	 (1.10)

After partitioning,

	 y A A

x

x

{ } = éë ùû éë ùûéë ùû

{ }
-

{ }

ì

í
ï

î
ï

ü

ý
ï

þ
ï

1 2

1

2

| 	 (1.11)

Thus,

	 y A x A x{ } = éë ùû{ }+ éë ùû{ }1 1 2 2 	 (1.12)

The previous equation is called partitioned matrix. Matrix [A] is vertically parti-
tioned and vector {x} is horizontally partitioned. To make the valid partition of [A] 
and {x}, it is important to establish compatibility; that is, the number of columns of 
[A1] must correspond to the number of rows of {x1}, to make [A1]{x1} valid.

1.4.3 �C ross-Partitioning of Matrix

	 y A x{ } = éë ùû{ }	

Let Aéë ùû  be partitioned both horizontally and vertically into submatrices,

	 A
A A

A A

p q p n q

m p q m p n

éë ùû =
éë ùû éë ùû

éë ùû éë ùû

´ ´ -( )

-( )´ - ´ -

11 12

21 22 ( qq
m n( ) ´

é

ë

ê
ê

ù

û

ú
ú

	 (1.13)

Let {x} also be portioned horizontally,

	 x
x

xn

q

n q
n

{ } =
{ }

{ }
ì
í
ï

îï

ü
ý
ï

þï
´

´

-( )´ ´

1

1 1

2 1
1

	 (1.14)

Therefore, the resulting matrix {y} will also be a horizontally partitioned matrix.

	 y
y

ym

p

m p
m

{ } =
{ }

{ }
ì
í
ï

îï

ü
ý
ï

þï
´

´

-( )´ ´

1

1 1

2 1
1

	 (1.15)
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Therefore, 

	

y

y

A A

A A

1

2

11 12

21 22

{ }
-

{ }

ì

í
ï

î
ï

ü

ý
ï

þ
ï
=
éë ùû éë ùû
éë ùû éë ùû

é

ë
ê
ê

ù

û
ú

|

| úú

{ }
-

{ }

ì

í
ï

î
ï

ü

ý
ï

þ
ï

x

x

1

2

	 (1.16)

This means that the matrix [A], which has both a horizontal and vertical partitioning, 
is called a cross-portioned matrix.

Once portioning is done, the following equations are valid.

	 y A x A x1 11 1 12 2{ } = éë ùû{ }+ éë ùû{ }	

	 y A x A x2 21 1 22 2{ } = éë ùû{ }+ éë ùû{ }	 (1.17)

The inverse is also valid for a partitioned matrix, which is very advantageous.
Let [A] be the following matrix with horizontal and vertical partitioning,

	 A =
-

-

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

1 4 0 0

2 2 0 0

0 0 3 1

0 0 5 2

	

Now, [A] can be written as,

	 A
A A

A A
=

éë ùû éë ùû
éë ùû éë ùû

é

ë
ê
ê

ù

û
ú
ú

11 12

21 22

	

It can also be written as,

	 A
A

A
=

éë ùû
éë ùû

é

ë
ê
ê

ù

û
ú
ú

11

22

0

0
	

Now, A−1 can also be expressed as a set of submatrices as follows:

	 A
B B

B B
éë ùû =

éë ùû éë ùû
éë ùû éë ùû

é

ë
ê
ê

ù

û
ú
ú

-1 11 12

21 22

	

where,
B12éë ùû 	=	 Inverse of A12éë ùû  = 0

B21éë ùû 	=	 Inverse of A21éë ùû  = 0

B11éë ùû 	=	 Inverse of A11éë ùû = 
1
6

2 4

2 1-
-

-
é

ë
ê

ù

û
ú
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B22éë ùû 	=	 Inverse of A22éë ùû = 
2 1

5 3

é

ë
ê

ù

û
ú

Now the advantage is that Aéë ùû
-1

 can be easily written as:

	 Aéë ùû =

-
-

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

-1

1 3 2 3 0 0

1 3 1 6 0 0

0 0 2 1

0 0 5 3

/ /

/ /
	

Thus, determining the inverse of the 4 × 4 matrix is made easier with cross-partition-
ing of the matrix. Partitioning benefits inverting a 2 × 2 matrix, instead of a 4 × 4. 
This can lead to substantial savings in time and computational efforts.

1.4.4 �B anded Matrix

Matrices in structural analysis show certain special properties. The matrices are 
real, symmetric, positive definite and banded. They can be utilized for solving a 
large system of equations. Given matrix [A] is said to be positive definite only when 
the following condition is satisfied.

	 X AX xT > 0, for all non-zero column matrix of { }	

For example, consider the following matrix:

	 A

a a

a a a

a a a

a a a

a a a

=

11 12

21 22 23

32 33 34

43 44 45

54 55

0 0 0 0

0 0 0

0 0 0

0 0 0

0 0 0 556

65 660 0 0 0 a a

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú

	

[A] is said to be a banded matrix with width (2m + 1) if all elements of aij for which 
|i − j| > m are zero. For m = 1, the band width of the previously mentioned matrix is 3.

1.5 � STANDARD BEAM ELEMENT

A beam element is one of the basic elements to be used in the structural analysis of 
planar orthogonal frames. There are some sign conventions that need to be followed 
before deriving the stiffness matrix of the beam element. The anticlockwise end 
moment, joint rotation and joint moments are taken as positive; the upward force or 
displacement of the joint is positive; the force toward the right or axial displacement 
toward the right of the joint is positive; the upward end shear at the ends of the beam 
is positive; the right direction force at the ends of the beam is positive. Let us limit 
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the discussion to planar orthogonal structures, which have either horizontal or verti-
cal members.

A fixed beam is considered as a basic model. Consider a fixed beam undergoing 
deformation due to bending, neglecting the axial deformation. The standard fixed 
beam is shown in Figure 1.5. The two joints of the beam element are ‘j’ and ‘k’, and 
the length of the member is Li. In terms of mathematical conditions, the considered 
beam element is fixed at nodes ‘j’ and ‘k’; it has constant EI over its entire length. 
The left end of the beam is designated as the jth node and the right end of the beam 
is designated as the kth node. The member is designated as the ith member. (xm, ym)  
are local axes of the member. It is very important to note the axis system. The 
axis system is such that it has an origin at the jth end; xm is directed toward the kth 
end. ym is counterclockwise 90 degrees to the xm axis. Therefore, the (xm, ym) plane 
defines the plane of bending the beam element. This is the conventional way of 
explaining the standard beam element. Let us neglect the axial deformation. For 
the stiffness method, one should identify possible displacements, both translational 
and rotational, at each end of the beam. So, the possible rotational and transla-
tional moments are shown in Figure 1.6. Suitable subscripts are used to denote the 
rotational and translational moments. Note the order by which the moments are 
marked, which allow the readers to understand the computer programs easily. The 

displacements at the jth end and the kth end are q dp r,( ) and q dq s,( )  respectively. 
All these displacements happen in the xm, ym plane and there is no out-of-plane 
bending.

Now, let us derive the stiffness coefficient, kij. According to classical definition, kij 
is the force in the ith degree-of-freedom by imposing unit displacement, which can 

FIGURE 1.5  Standard beam element.

FIGURE 1.6  Rotational and translational moments in a beam element.
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be either translational or rotational in the jth degree-of-freedom by keeping all other 
degrees-of-freedom restrained. There are two degrees-of-freedom:

	 1.	Static degree-of-freedom
	 2.	Kinematic degree-of-freedom

Static degree-of-freedom is related to the release of actions like shear force, bend-
ing moment, axial force, and so on. It is associated with the flexibility approach. 
Kinematic degree-of-freedom is related to displacements. It is associated with the 
stiffness approach. The degrees-of-freedom mentioned in the definition of stiffness 
are related to displacement and hence kinematic degree-of-freedom. In the previously 
mentioned, there are four degrees -of-freedom (two rotations and two translations). 
One should give unit displacement in each degree-of-freedom to find the forces at 
the respective degrees by keeping the remaining degrees-of-freedom restrained. kij 
is also defined as the moment in the ith degree-of-freedom by imposing unit rota-
tion at the jth degree-of-freedom by keeping all other degrees-of-freedom restrained. 
Imposing unit displacement represents dr  = 1 or ds  = 1 and unit rotation implies qp  = 1 
or qq = 1. 

Let us give unit rotation at the jth end, keeping all other degrees-of-freedom 
restrained, as shown in Figure 1.7. This will invoke members with end forces; 

k k k kpp
i

qp
i

rp
i

sp
i, , , . kpp

i
 is the force in the pth degree-of-freedom by giving unit displace-

ment in the pth degree-of-freedom in the ith member. Similarly, kqp
i  is the force in 

the qth degree-of-freedom by giving unit displacement in the pth degree-of-freedom 
in the ith member.

The second subscript in all the notations is common; it is ‘p’. It indicates that the 
unit displacement is given at the pth degree. The stiffness coefficients are generated 
column-wise. Thus, the obtained stiffness coefficients correspond to the first column 
of the stiffness matrix. Similarly, apply unit rotation at the end k of the member, as 

shown in Figure 1.8. The stiffness coefficients in this case will be k k k kpq
i

qq
i

rq
i

sq
i, , , .  

The stiffness coefficients are again obtained by applying unit displacements at the 
jth end and kth end, as shown in Figures 1.9 and 1.10. By applying unit displacement 
at the jth end, the stiffness coefficients are k k k kpr

i
qr
i

rr
i

sr
i, , , . By applying unit displace-

ment at the kth end, the following stiffness coefficients are obtained: k k k kps
i

qs
i

rs
i

ss
i, , , .  

A tangent can be drawn by connecting the deflected position of the beam at which 
the unit rotation is applied and the initial position of the beam at the other end. From 

FIGURE 1.7  Fixed beam element – unit rotation at jth end.
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which, one can say that the beam has undergone a rotation of 1/Li, where Li is the 
length of the member. The rotation at the ends of the beam is equal to 1/Li. 

For the ith beam element experiencing arbitrary end displacements, namely 
q dp r,( ) and q dq s,( ) , corresponding end reactions (moment, shear) are required 

to be estimated. They need to be estimated by maintaining the equilibrium of the 
restrained member. The governing equations are as follows:

	 m k k k kp
i

pp
i

p pq
i

q pr
i

r ps
i

s= + + +q q d d 	 (1.18)

It can be seen from the previous equation that the first subscript of the equation cor-
responds to the end at which the unit rotation or displacement is applied. Similarly, 

	 m k k k kq
i

qp
i

p qq
i

q qr
i

r qs
i

s= + + +q q d d 	 (1.19)

FIGURE 1.8  Fixed beam element – unit rotation at kth end.

FIGURE 1.9  Fixed beam element – unit displacement at jth end.

FIGURE 1.10  Fixed beam element – unit displacement at kth end.
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The force equations are,

	 p k k k kr
i

rp
i

p rq
i

q rr
i

r rs
i

s= + + +q q d d 	

	 p k k k ks
i

sp
i

p sq
i

q sr
i

r ss
i

s= + + +q q d d 	 (1.20)

The previous equations give the end moments and end shear forces for arbitrary dis-

placements q q dp q r, ,  and ds , which are unity at respective degrees-of-freedom. These 
equations can be generalized by the following equation:

	 m ki i i{ } = éë ùû { }d 	 (1.21)

where,

m

m

m

p

p

i

p

q

r

s

{ } =

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

, d

q
q
d
d

i

p

q

r

s

{ } =

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

 and

	 k

k k k k

k k k k

k k k k

k k k k

i

pp pq pr ps

qp qq qr qs

rp rq rr rs

sp sq sr ss

éë ùû =

é

ë

êê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

	

We need to evaluate only a set of rotational coefficients in the stiffness matrix, and 
the other coefficients can be easily written in terms of the same rotational coef-

ficients. These rotational coefficients are k k k kpp
i

pq
i

qp
i

qq
i, , , . For example, in order to 

evaluate the end shear,

	 k
k k

L
rp
i pp

i
qp
i

i

=
+

	

	 k
k k

L
sp
i pp

i
qp
i

i

= -
+

	 (1.22)

The negative sign in the previous equation is due to the fact that the direction of 
ksp

i  is opposite to the end shear developed by the restraining moments as shown in 
Figure 1.11. In the fixed beam element with unit rotation at the end p, the moments 
developed at the ends p and q to control the applied unit rotation are kpp

i  and kqp
i  

respectively. The anticlockwise moment developed on the beam will be equal to 
k kpp

i
qp
i+ . This anticlockwise moment has to be counteracted by the shear, which will 

be creating a clockwise couple in the beam element. The shear forces at the ends p 

and q are found to be the same in magnitude, which is given by 
k k

L
pp
i

qp
i

i

+
. 
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The upward shear is positive, and the downward shear is negative, from which the 
coefficients krp and ksp can be obtained. It can again be seen that the second subscript 
in the stiffness coefficients indicates the end at which the unit rotation is applied, 
and the first subscript indicates the respective forces in the degrees-of-freedom. In 
the same manner, the remaining stiffness coefficients can also be expressed in term 
of the rotation coefficients k k k kpp

i
pq
i

qp
i

qq
i, , , . Thus, out of sixteen coefficients in the 

stiffness matrix, we need to evaluate only four coefficients.
Similarly, referring to Figure 1.8, where unit rotation is applied at the kth end, the 

rotational coefficients from equation 1.22 are given subsequently:

	 k
k k

L
rq
i pq

i
qq
i

i

=
+

	

	 k
k k

L
sq
i pq

i
qq
i

i

= -
+

	

By referring to Figure 1.9, where unit displacement is applied at the end j,

	 k
k k

L
pr
i pp

i
pq
i

i

=
+

	

	 k
k k

L
qr
i qp

i
qq
i

i

= -
+

	 (1.23)

	 k
k k

L

k k

L

k k

L
rr
i pr

i
qr
i

i

pp
i

pq
i

i

qp
i

qq
i

i

=
+

=
+

( )
é

ë
ê
ê

ù

û
ú
ú
+

+

( )
é

ë
ê
ê2 2

ùù

û
ú
ú

	 (1.24)

Thus,

	 k
k k k k

L
rr
i pp

i
pq
i

qp
i

qq
i

i

=
+ + +

( )2
	 (1.25)

FIGURE 1.11  Fixed beam element – rotation coefficients.
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Similarly,

	 k
k k k k

L
sr
i pp

i
pq
i

qp
i

qq
i

i

= -
+ + +

( )2
	 (1.26)

By referring to Figure 1.10, where unit displacement is applied at the end k,

	 k
k k

L
ps
i pp

i
pq
i

i

= -
+

	

	 k
k k

L
qs
i qp

i
qq
i

i

= -
+

	 (1.27)

	 k
k k

L

k k k k

L
rs
i ps

i
qs
i

i

pp
i

pq
i

qp
i

qq
i

i

= -
+

= -
+ + +

( )2
	 (1.28)

	 k
k k k k

L
ss
i pp

i
pq
i

qp
i

qq
i

i

= -
+ + +

( )2
	 (1.29)

Form the previous equations, it can be seen that the end shear coefficients are 
expressed in terms of rotational coefficients. Thus, by evaluating the four rotational 
coefficients, the stiffness matrix with sixteen stiffness coefficients can be framed. 
Thus, the stiffness matrix is given by

	[ ]k

k k
k k

L

k k

L

k k
k k

L

k k

L

pp pq
pp pq pp pq

qp qq
qp qq qp qq

=

+
−

+





+
−

+





+ + + + + + + +

−

k k

L

k k

L

k k k k

L

k k k k

L

k

pp pq pq qq pp pq qp qq pp pq qp qq

p

2 2

pp pq pq qq pp pq qp qq ppk

L

k k

L

k k k k

L

k k+





−
+





−
+ + +





−
+

2
ppq qp qqk k

L

+ +



































2

Flexibility and stiffness matrices are related as follows:

	 D k Iéë ùû éë ùû éë ùû= 	 (1.30)

Let 
d d
d d

jj jk

kj kk

é

ë
ê

ù

û
ú  be the flexibility coefficients of a member with nodes j and k and 

k k

k k
pp pq

qp qq

é

ë
ê

ù

û
ú  be the stiffness coefficients, then
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d d
d d

jj jk

kj kk

pp pq

qp qq

k k

k k

é

ë
ê

ù

û
ú
é

ë
ê

ù

û
ú =

é

ë
ê

ù

û
ú

1 0

0 1
	

Our aim is to calculate the stiffness matrix [k]. This can be evaluated in the follow-
ing way:

	 k D Iéë ùû éë ùû éë ùû=
-1

	 (1.31)

Now, let us evaluate the flexibility coefficients to form the flexibility matrix. Then, 
the stiffness matrix is derived from the flexibility matrix by the previous equation.

1.5.1 �E stimating Rotational Coefficients

Consider a simply supported beam as shown in Figure 1.12. Unit rotation is applied 
at the jth end and the flexibility coefficients are determined. Similarly, flexibility 
coefficients are determined by applying unit displacement at the kth end, as shown 
in Figure 1.13. The flexibility coefficients d djj

i
kj
i,( ) define rotations at end j and k 

respectively of the ith member, caused due to unit moment applied at the jth end. 
Similarly, flexibility coefficients d djk

i
kk
i,( ) define rotations at jth and kth ends of the 

ith member due to unit moment applied at the kth end.
Let us consider a beam fixed at the end q and imposed by unit rotation at the end 

p, as shown in Figure 1.14. Similarly, assume the beam fixed at end p and imposed 
by unit rotation at end q, as shown in Figure 1.15. The stiffness coefficients k kpp

i
qp
i,( )  

define end moments required at jth and kth ends to maintain equilibrium when the 
jth end is subjected to unit rotation, while the kth end is restrained. Similarly, the 

FIGURE 1.12  Simply supported beam – unit rotation at j.

FIGURE 1.13  Simply supported beam – unit rotation at k.
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stiffness coefficients k kpq
i

qq
i,( ) define end moments required at jth and kth ends to 

maintain equilibrium, when the kth end is subjected to unit rotation and the jth end 
is restrained.

Thus,

	
d d
d d

jj jk

kj kk

pp pq

qp qq

k k

k k

é

ë
ê

ù

û
ú
é

ë
ê

ù

û
ú =

é

ë
ê

ù

û
ú

1 0

0 1
	 (1.32)

Expanding the previous equation,

	 k kpp
i

jj
i

qp
i

jk
id d+ = 1	

	 k kpp
i

kj
i

qp
i

kk
id d+ = 1	

	 k kpq
i

jj
i

qq
i

jk
id d+ = 1	

	 k kpq
i

kj
i

qq
i

kk
id d+ = 1	 (1.33)

Let us denote the flexibility matrix as [Dr] and stiffness matrix as [kr]. The subscript 
r stands for rotational degrees-of-freedom. In order to estimate the flexibility matrix 
for the beam element, assume the simply supported beam with unit moment at the 
jth end, as shown in Figure 1.16. The anticlockwise moment is balanced by the clock-
wise couple created by the forces. The bending moment diagram is also shown in 
Figure 1.16 with tension at the top and compression at the bottom.

Let us replace the loading diagram with a conjugate beam, as shown in Figure 1.17. 
Taking the moment about A, 

FIGURE 1.14  Fixed beam – unit rotation at p.

FIGURE 1.15  Fixed beam – unit rotation at q.
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The same procedure is followed for the other case to derive the following flexibility 
matrix:

	 D

L

EI

L

EI
L

EI

L

EI

r =
-

-

é
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ê
ê
ê
ê

ù

û

ú
ú
ú
ú

3 6

6 3

	

FIGURE 1.16  Simply supported beam.

FIGURE 1.17  Conjugate beam.
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Therefore,
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Thus, from the previously mentioned four rotational coefficients, the whole stiffness 
matrix can be derived.

	 K
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1.6 � BEAM ELEMENT WITH VARYING FLEXURAL RIGIDITY

Consider a beam with varying depth, as shown in Figure 1.18. The length of the 
beam is 5 m. Since the depth of the beam is varying, the flexural rigidity of the beam 
will also vary, even under constant material (E is constant). The moment of inertia 
will vary.

The stiffness matrix is developed by neglecting the axial deformation. Let us 
divide the beam into ten parts, as shown in Figure 1.19. A different moment of inertia 
for each part is assigned. For the cross-section of the beam at the end with 400 mm 
depth, the moment of inertia is given by,

	 I = ´ = ´300 400
12

1 6 10
3

9 4. mm 	

FIGURE 1.18  Beam with varying depth.
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Now, the moment of inertia of each strip can be obtained by calculating the depth 
of the beam at each and every strip. We also know the average thickness of all the 
strips. Let h = 400, then 1.5h = 600. In the same way, the average thickness of all  
the strips can be expressed in terms of ‘h’. The values are given in Table 1.1. Then, 
the moment of inertia of all the strips can be easily found. For example, the moment 
of inertia of strip 1 is given by,

	 I I I1
3

1 025 1 077= ( ) =. . 	

Similarly, the moment of inertia of all the strips can be calculated and the values are 
listed in Table 1.1.

The next step is to compute the loading diagram. Consider a simply supported 
beam to which a unit moment is applied in order to derive the flexibility coefficients. 
The deflected profile of the beam with flexibility coefficients is shown in Figure 1.20. 

FIGURE 1.19  Beam with varying moment of inertia.

TABLE 1.1 
M/EI Ordinates of Strips of the Beam-Unit Rotation at j

Strip
Average Thickness  

of Strips
Moment of  
Inertia (I)

Average  
Moment (M) M/EI Ordinates

I1 410 = 1.025h 1.077I 0.05 0.046/EI

I2 430 = 1.075h 1.242I 0.15 0.121/EI

I3 450 = 1.125h 1.424I 0.25 0.176/EI

I4 470 = 1.175h 1.622I 0.35 0.216/EI

I5 490 = 1.225h 1.838I 0.45 0.245/EI

I6 510 = 1.275h 2.073I 0.55 0.265/EI

I7 530 = 1.325h 2.326I 0.65 0.279/EI

I8 550 = 1.375h 2.60I 0.75 0.288/EI

I9 570 = 1.425h 2.894I 0.85 0.294/EI

I10 590 = 1.475h 3.209I 0.95 0.296/EI
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The unit moment can also be distributed among the ten strips. Let us identify the 
moment in each strip. For example, in the 10th strip, the moment is 0.95. Similarly, 
the moment at other strips can be calculated by proportioning. The values are listed 
in Table 1.1. Since the moment and the flexural rigidity of the beam is completely 
known for all the strips, the M/EI diagram for the conjugate beam is developed as 
shown in Figure 1.20. The M/EI ordinates are also listed in Table 1.1. For example, 
the M/EI ordinate is given by

	 M/EI ordinate for th strip  10 0 95 3 209 0 296= =. / . . /I EI 	

The ends of the beam are marked as A and B. By taking moment A,

	

v
EI

B = ´( ) + ´( ) + ´( ) + ´1
5

0 5
0 296 0 25 0 294 0 75 0 288 1 25 0 279 1 7

.
. . . . . . . . 55

0 265 2 25 0 245 2 75 0 216 3 25 0 176 3 75

( ){

+ ´( ) + ´( ) + ´( ) + ´( )

+

. . . . . . . .

00 121 4 25 0 046 4 75. . . .´( ) + ´( )}

	

FIGURE 1.20  Simply supported beam with unit rotation at j.
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	 v
EI

B = ( )0 451.
downward 	

Similarly, 

	
v

EI
A = + + + + + + + +( . . . . . . . .

1
0 296 0 294 0 288 0 279 0 265 0 245 0 216 0 176 0..

. ) . .

121

0 0446 0 5 0 451

{

+ ´ - ( )}
	

	 v
EI

A = ( )0 662.
upward 	

Thus, the flexibility matrix of the beam element is given by,

	 D
EI

a

a
r i

éë ùû =
-
é

ë
ê

ù

û
ú

1 0 662

0 451
12

22

.

.
	 (1.34)

In order to find the second column of the flexibility matrix, the same procedure as 
previously mentioned should be followed by applying a unit moment at the kth end, 
as shown in Figure 1.21. The anticlockwise unit moment is applied at the kth end. 
It can be seen that the second subscript in the flexibility coefficients is ‘k’, where 
the unit rotation is applied. Then, divide the beam into ten strips and calculate the 
average thickness of the strips. Then, the M/EI ordinate is calculated, as listed in 
Table 1.2. The M/EI diagram is shown in Figure 1.21. This becomes the loading 
diagram for the beam.

FIGURE 1.21  Simply supported beam with unit rotation at k.
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To find the vertical reactions, taking the moment about A,

	

v
EI

B = ´( ) + ´( ) + ´( ) + ´1
5

0 5
0 016 25 0 052 0 75 0 096 1 25 0 15 1 75

.
. . . . . . .(( ){

+ ´( ) + ´( ) + ´( ) + ´( )

+

0 217 2 25 0 293 2 75 0 401 3 25 0 527 3 75

0

. . . . . . . .

.. . . .684 4 25 0 882 4 75´( ) + ´( )}

	

	 v
EI

B = ( ).1 210
upward 	

	
v

EI
B = + + + + + + + +1

0 016 0 052 0 096 0 15 0 217 0 293 0 401 0 527 0 68( . . . . . . . . . 44

0 82 0 5 1 210

{

+ ´ - }. ) . .

	

	 v
EI

A = ( ).0 45
downward 	

Therefore, the flexibility matrix is given by,

	 D
EI

r i
éë ùû =

-
-
é

ë
ê

ù

û
ú

1 0 662 0 450

0 451 1 210

. .

. .
	

Now, the stiffness matrix is obtained by inverting the flexibility matrix.

	 K D
EI

i i
éë ùû = éë ùû =

é

ë
ê

ù

û
ú

-1

0 599

1 210 0 450

0 45 0 662.

. .

. .
	

TABLE 1.2 
M/EI Ordinates of Strips of the Beam-Unit Rotation at k

Strip
Average Thickness  

of Strips
Moment of  
Inertia (I)

Average  
Moment (M) M/EI Ordinates

I1 410 = 1.025h 1.077I 0.05 0.016/EI

I2 430 = 1.075h 1.242I 0.15 0.052/EI

I3 450 = 1.125h 1.424I 0.25 0.096/EI

I4 470 = 1.175h 1.622I 0.35 0.150/EI

I5 490 = 1.225h 1.838I 0.45 0.217/EI

I6 510 = 1.275h 2.073I 0.55 0.293/EI

I7 530 = 1.325h 2.326I 0.65 0.401/EI

I8 550 = 1.375h 2.60I 0.75 0.527/EI

I9 570 = 1.425h 2.894I 0.85 0.684/EI

I10 590 = 1.475h 3.209I 0.95 0.882/EI
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FIGURE 1.22  Planar orthogonal structure.

	 K EI
i

éë ùû =
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Consider a beam which is fixed at both the ends and has a varying cross-section. The 
length of the beam is 5 m. The moment of inertia is already calculated as 1.6 × 109 
mm4. Then, the degrees-of-freedom of the member are marked neglecting the axial 
deformation, as shown in Figure 1.22. Now, the stiffness matrix can be readily writ-
ten with the known rotational coefficients. The stiffness matrix is given by,

	 Ki =

-
-

2 02 0 751 0 554 0 554

0 751 1 105 0 371 0 371

0 554 0 371 0 18

. . . .

. . . .

. . . 55 0 185

0 554 0 371 0 185 0 185

-
- - -

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

.

. . . .

	

1.7 � PLANAR ORTHOGONAL STRUCTURES

The stiffness method is more generic and easily programmable compared to that of 
the flexibility method. The stiffness method is also not problem-specific. The stiff-
ness matrix of a fixed beam element can be easily developed with only the rotational 
coefficients. Let us apply this method to a planar orthogonal structure. Consider a 
single story single bay frame, as shown in Figure 1.22. Both the ends of the frame are 
fixed, and the frame is subjected to some arbitrary loading. The height of the frame is 
taken as ‘h’ and the flexural rigidity is ‘EI’. There are some basic steps to formulate 
a stiffness method of analysis for solving this problem. The unknowns in stiffness 
method are displacements which can be translational as well as rotational. Thus, the 
stiffness method is a generic method that can be applied to any frame under arbitrary 
loading, because the unknowns in the analysis are not actions but displacements.  
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It is more or less a well-defined procedure. The members are numbered indexed 
using square brackets, as shown in Figure 1.22. There are three members in the 
frame considered for the analysis. Let the joints be numbered in a sequence using 
circles. There are four joints in the frame.

For every member, it is now important to identify the joint numbering in accor-
dance to the standard fixed beam. Some literature uses the transformation matrix for 
solving the problem, where the orientation of the member with respect to the origin 
axis becomes important. But, we will handle this following a different method, with-
out any transformation matrix. So, the elemental member will be a fixed beam irre-
spective of the boundary conditions of the original beam considered for the analysis. 

Step 1: Mark degrees-of-freedom

The elemental member should have both the ends fixed with four degrees-of-freedom 
in translation and rotation by neglecting axial deformation as shown in Figure 1.23. 
We will follow the same notations and order for all the problems.

Step 2: Identify unrestrained and restrained displacements at each joint

While numbering the displacements, first label the unrestrained displacements of 
all the joints. Then, label restrained displacements of all the joints. This is called 
grouping, which helps in cross-partitioning of the matrix. This will make the analy-
sis more simple, closed form and very easy. For example, consider a frame with 
both ends fixed as shown in Figure 1.24. The frame has three members and four 
joints. Joints 2 and 3 are free to rotate and displace, which means the frame can 
sway. The unrestrained displacements are marked first: q q1 2,  and d3, neglecting the 
axial deformation. Thus, the stiffness matrix in unrestrained degrees-of-freedom is 
a 3 × 3 matrix. Joints 1 and 4 are fixed, not allowing any rotation and displacement. 
The restrained displacements are d4, d5, q q6 7, , d8 and d9. Thus, the total number of 
degrees-of-freedom of the frame is 9. It shows that the size of the stiffness matrix 
will be 9 × 9. But, the stiffness matrix of the whole frame can be partitioned.

The stiffness matrix in unrestrained degrees-of-freedom is denoted by kuu and 
the stiffness matrix in restrained degrees-of-freedom is denoted by krr, as shown in 
Figure 1.25.

Step 3: To determine the unrestrained displacements

Let us consider the stiffness matrix in term of unrestrained and restrained stiffness 

matrices. Let the unrestrained and restrained displacements be denoted as Du  and Dr  

FIGURE 1.23  Elemental fixed beam with degrees-of-freedom.
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FIGURE 1.24  Single story single bay frame.

respectively. The product of the stiffness matrix and the displacement will give the 
sum of a joint load vector and partial reaction vector, which can again be partitioned 
into unrestrained and restrained load vectors and reaction vectors respectively. The 
partitioned stiffness matrix, partitioned displacement vector, partitioned joint load 
vector and the partitioned reaction vector are given in the following equation:

	
K K

K K
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J
uu ur
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[ ]0

Rr

	 (1.35)

Let us expand the previous equation,

	 k Juu u L u
éë ùû D{ } = { } 	 (1.36)

FIGURE 1.25  Partitioning of stiffness matrix.
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	 D{ } = éë ùû { }-
u uu L u

k J
1

	 (1.37)

Thus, Du  can be computed from the previous equation. To compute Du , we need to 
know joint load vector also.

Step 4: To estimate the joint load vector {JL}

The joint load vector is derived based on the fixed end moments generated from the 
applied loads on each member. The fixed end moments for different loading condi-
tions are given in Table 1.3.

[Sign convention: Anticlockwise moments are positive]
The joint load will be simply the reversal of the fixed end moments. End moments 

due to displacements can also be found out as given in Table 1.4.
Thus, these are the standard formats by which one can find the end moments 

either caused by the load on the beam or by the displacement on the joint or rotation 
on the joint. By reversing this, joint loads can be obtained from which the unre-
strained displacements can be computed.

1.8 � EXAMPLE PROBLEMS

1.8.1 �C ontinuous Beam

Analyze the continuous beam and find the reactions and end moments of the beam 
shown in Figure 1.26:

Solution:

	 1.	Marking unrestrained and restrained degrees-of-freedom:
	 The unrestrained and restrained degrees-of-freedom are marked on the 

continuous beam, as shown in Figure 1.27.
		  Thus, there are in total six degrees-of-freedom with two unrestrained 

and four restrained degrees-of-freedom.
		  Unrestrained degrees-of-freedom = 2 [θ1, θ2]
		  Restrained degrees-of-freedom = 4 [θ3, δ4, δ5, δ6]
		  Thus, the unrestrained submatrix will be of size 2 × 2. The total size 

of the stiffness matrix will be 6 × 6. The element stiffness matrix will be 
4 × 4. Let us compare the given problem with a standard fixed beam in 
Figure 1.28 to obtain the labels. Even though support B is simply supported, 
the basic element is a fixed beam.

		  Thus, the labels are

	 AB = éë ùû3 1 4 5, , , 	

	 BC = éë ùû1 2 5 6, , , 	

		  The labels are ordered in such a manner, the rotations are followed by 
translations.
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TABLE 1.3 
Fixed End Moments
Sl. 
No. Beam MF

AB MF
BA

1 Fixed beam with central concentrated load:
+

Pl

8
-

Pl

8

2 Fixed beam with uniformly distributed load:
+

wl2

12
-

wl2

12

3 Fixed beam with eccentric concentrated load:
+

pab

l

2

2
-

pba

l

2

2

4 Fixed bean with uniformly varying load:
+

W lo
2

20
-

W lo
2

20

5 Fixed beam with triangular loading:
+

5
96

2W lo -
5

96
2W lo

6 Fixed beam with eccentric anticlockwise moment:
+ -

M

l
b b a

2
2( ) + -

M

l
a b a

2
2( )

7 Fixed beam with central clockwise moment:
-

M

4
+

M

4
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TABLE 1.4 
End Moments Due to Displacements
Sl. 
No. Beam MF

AB MF
BA

1 Beam with rotation at jth end:
+

4EI

l
Aq +

2EI

l
Aq

2 Beam with rotation at kth end:
+

2EI

l
Bq +

4EI

l
Bq

3 Simply supported beam with rotation:
+

3EI

l
Aq

NIL

4 Beam with settlement of support:
+

6
2

EI

l

D
+

6
2

EI

l

D

5 Beam with settlement of support:
+

3
2

EI

l

D NIL

FIGURE 1.26  Continuous beam.
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	 2.	Formulation of stiffness matrix:
	 We already know the formulation of the stiffness matrix for a standard 

fixed beam element. The stiffness matrix is given by,
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		  Thus, the size of the stiffness matrix is 4 × 4, neglecting axial deforma-
tion. For this problem, the element stiffness matrices are given by,

	

IAB =

3

1

4

5

1.333 0 667 0 667 0 667

0.667 1 333 0 667 0 667

0.667 0
K E
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3 1 4 5

	

FIGURE 1.27  Degrees-of-freedom.

FIGURE 1.28  Standard fixed beam element.
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		  Thus, the total stiffness matrix will be written as follows:

	 K
k k

k k

uu ur

ru rr

éë ùû =
éë ùû éë ùû
éë ùû éë ùû

é

ë
ê
ê

ù

û
ú
ú

´ ´

´ ´

2 2 2 4

4 2 4 4

	

		  We need only the stiffness matrix of unrestrained degrees-of-freedom. 

	

1 2

2 133 0 4

0 4 0 8

1
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. .

		  Then

	 K
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
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
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

1 1
1 546

2 133 0 4

0 4 0 8.

. .

. .
	

	 3.	Calculation of fixed end moments:
	 Now, the fixed end moments are calculated to find the unrestrained dis-

placements. The fixed end moments and reactions of the members are 
shown in Figure 1.29.

	 M
wl

AB
F = = ´ = +

2 2

12
20 3

12
15 kNm 	

	 M
wl

BA
F = - = - ´ = -

2 2

12
20 3

12
15 kNm 	

FIGURE 1.29  Fixed end moments.
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	 VA = +30 kN 	

	 VB = +30 kN 	

	 M
pl

BC
F = = ´ = +

8
40 5

8
25 kNm 	

	 M
pl

CB
F = - = - ´ = -

8
40 5

8
25 kNm 	

	 VB = +20 kN 	

	 VC = +20 kN 	

		  Thus, for the whole beam, the fixed end moments are shown in 
Figure 1.30.

	 4.	Calculation of joint load vectors:
	 The joint loads will be the reversal of the fixed end moments and reactions. 

The joint load for the continuous beam is shown in Figure 1.31.
		  Now, the joint load vector is given by,

	 J

J

J
L

LU

LR

= - - -
ì

í
ï

î
ï

ü

ý
ï

þ
ï

	

FIGURE 1.30  Fixed end moments for the continuous beam.

FIGURE 1.31  Joint load vector for the continuous beam.
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		  The unrestrained joint load vector is given by,
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	 5.	Calculation of displacements:
	 Now,
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		  The vector of restrained displacements will be zero.
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	 6.	Calculation of end moment and shear:
	 The general equation to find the end moment of the ith beam is,

	 M k
i i i i

éë ùû = + ( )d FEM 	

		  The equation can be rewritten element-wise as follows:
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= éë ùû { }+{ }d FEM 	

	

M

M

V

V

EI

3

1

4

5

1 333 0 667 0 667 0 667

0 667 1 333 0

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

=

-. . . .

. . .6667 0 667

0 667 0 667 0 445 0 445

0 667 0 667 0 445 0 445

-
-

- - -

é

ë

ê
ê .

. . . .

. . . .

êê
ê

ù

û

ú
ú
ú
ú

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

+

-
-
+
+

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

q
q
d
d

3

1

4

5

15

15

30

30

==
-
ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

7 234

30 52

22 234

37 766

.

.

.

.

	



37Planar Orthogonal Structures﻿

	 M kBC BC
= éë ùû { }+{ }d FEM 	
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		  The member end moments and shear are shown in Figure 1.32.

		  Check for span AB:

	 Vå = 0, 	

	 22 234 37 766 20 3 60. .+ = ´ = kN 	

	 MA = ´ ´ + - =( )20 3 1 5 30 52 37 766 3 7 234. . . ( ) . kNm 	

		  Hence, Ok.

		  Check for span BC:

	 Vå = 0, 	

	 26 105 13 895 40. .+ =( ) kN 	

	 MB = ´ - ´ =( ) ( )40 2 5 13 895 5 30 52. . . kNm 	

		  Hence, Ok.
		  By superimposing the end moments of the members into the continu-

ous beam, the final end moments and shear are obtained, as shown in 
Figure 1.33.

		  Check:
		  We can say that,

	 k J Rru u l r réë ùû{ }-{ } = { }D 	

FIGURE 1.32  Member end moments and shear.
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		  Thus, 
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		  Hence, Ok.

1.8.2 �C omputer Program for Continuous Beam

%% stiffness matrix method
% Input
clc;
clear;
n = 2; % number of members
I = [1 1]; %Moment of inertis in m4
L = [3 5]; % length in m
uu = 2; % Number of unrestrained degrees of freedom
ur = 4; % Number of restrained degrees of freedom
uul = [1 2]; % global labels of unrestrained dof
url = [3 4 5 6]; % global labels of restrained dof
l1 = [3 1 4 5]; % Global labels for member 1 
l2 = [1 2 5 6]; % Global labels for member 2

FIGURE 1.33  Final end moments and shear.
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l= [l1; l2];
dof = uu+ur;
Ktotal = zeros (dof);
fem1= [15 -15 30 30]; % Local Fixed end moments of member 1
fem2= [25 -25 20 20]; % Local Fixed end moments of member 2

%% Creation of joint load vector
jl= [-10; 25; -15; -30; -50; -20]; % values given in kN or kNm
jlu = [-10; 25]; % load vector in unrestrained dof

%% rotation coefficients for each member
rc1 = 4.*I./L;
rc2 = 2.*I./L;

%% stiffness matrix 4 by 4 (axial deformation neglected)
for i = 1:n
      Knew = zeros (dof);
      k1 = [rc1(i); rc2(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i))];
      k2 = [rc2(i); rc1(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i))];
      k3 = [(rc1(i)+rc2(i))/L(i); (rc1(i)+rc2(i))/L(i); 
(2*(rc1(i)+rc2(i))/(L(i)^2)); (-2*(rc1(i)+rc2(i))/(L(i)^2))];
      k4 = -k3;
      K = [k1 k2 k3 k4];
      fprintf ('Member Number =');
      disp (i);
      fprintf ('Local Stiffness matrix of member, [K] = \n');
      disp (K);
      for p = 1:4
          for q = 1:4
              Knew((l(i,p)),(l(i,q))) =K(p,q);
          end
      end
      Ktotal = Ktotal + Knew;
      if i == 1
          Kg1=K;
      else
          Kg2 = K;
      end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(uu);
for x=1:uu
      for y=1:uu
          Kunr(x,y)= Ktotal(x,y);    
      end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
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KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Calculation of displacements
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros (ur,1);
del = [delu; delr];
deli= zeros (4,1);
for i = 1:n
      for p = 1:4
          deli(p,1) = del((l(i,p)),1) ;
      end
      if i == 1
                delbar1 = deli;
                mbar1= (Kg1 * delbar1)+fem1';
                fprintf ('Member Number =');
                disp (i);
        �        fprintf ('Global displacement matrix [DeltaBar] = 

\n');
                disp (delbar1');
                fprintf ('Global End moment matrix [MBar] = \n');
                disp (mbar1');
          else
                delbar2 = deli;
                mbar2= (Kg2 * delbar2)+fem2';
                fprintf ('Member Number =');
                disp (i);
        �        fprintf ('Global displacement matrix [DeltaBar] = 

\n');
                disp (delbar2');
                fprintf ('Global End moment matrix [MBar] = \n');
                disp (mbar2');
      end
end
%% check
mbar = [mbar1'; mbar2'];
jf = zeros(dof,1);
for a=1:n 
      for b=1:4 % size of k matrix
          d = l(a,b);
          jfnew = zeros(dof,1);
          jfnew(d,1)=mbar(a,b);
          jf=jf+jfnew;
      end
end
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fprintf ('Joint forces = \n');
disp (jf');

MATLAB® output:
Member Number =    1
Local Stiffness matrix of member, [K] = 

1.3333 0.6667 0.6667 -0.6667
0.6667 1.3333 0.6667 -0.6667
0.6667 0.6667 0.4444 -0.4444

-0.6667 -0.6667 -0.4444 0.4444

Member Number =  2
Local Stiffness matrix of member, [K] = 

0.8000 0.4000 0.2400 -0.2400
0.4000 0.8000 0.2400 -0.2400
0.2400 0.2400 0.0960 -0.0960

-0.2400 -0.2400 -0.0960 0.0960

Stiffness Matrix of complete structure, [Ktotal] = 

2.1333 0.4000 0.6667 0.6667 -0.4267 -0.2400
0.4000 0.8000 0 0 0.2400 -0.2400
0.6667 0 1.3333 0.6667 -0.6667 0
0.6667 0 0.6667 0.4444 -0.4444 0
-0.4267 0.2400 -0.6667 -0.4444 0.5404 -0.0960
-0.2400 -0.2400 0 0 -0.0960 0.0960

Unrestrained Stiffness sub-matrix, [Kuu] = 

2.1333 0.4000
0.4000 0.8000

Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

0.5172 -0.2586
-0.2586 1.3793

Joint Load vector, [Jl] = 

-10 25 -15 -30 -50 -20

Unrestrained displacements, [DelU] = 

-11.6379 37.0690

Member Number =  1
Global displacement matrix [DeltaBar] = 

0  -11.6379 0 0
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Global End moment matrix [MBar] = 

7.2414 -30.5172 22.2414 37.7586

Member Number =  2
Global displacement matrix [DeltaBar] = 

-11.6379 37.0690 0 0

Global End moment matrix [MBar] = 

30.5172 -0.0000 26.1034 13.8966

Joint forces = 

0 -0.0000 7.2414 22.2414 63.8621 13.8966

1.8.3 �O rthogonal Frame

Analyze the single story single bay frame shown in Figure 1.34:

	 1.	Marking unrestrained and restrained degrees-of-freedom:

�The unrestrained and restrained degrees-of-freedom are marked on the continu-
ous beam, as shown in Figure 1.35.
Thus, the size of the stiffness matrix will be 9 × 9.
Unrestrained degrees-of-freedom = 2 [θ1, θ2]
Restrained degrees-of-freedom = 7 [θ3, θ4, δ4, δ5, δ6, δ8, δ9]
Thus, the unrestrained submatrix size will be 2 × 2. The total size of the stiffness 

matrix will be 9 × 9. The element stiffness matrix will be 4 × 4, neglecting axial 
deformation.

	 K
k k

k k

uu ur

ru rr

éë ùû =
éë ùû éë ùû
éë ùû éë ùû

é

ë
ê
ê

ù

û
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´ ´

´ ´

2 2 2 7

7 2 7 7

	

FIGURE 1.34  Frame example.
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The orientation and the labels of the members are given in the following table:

Member jth End kth End Degrees-of-Freedom Labels

BA B A 1, 3, 9, 4

BC B C 1, 2, 5, 8

CD C D 2, 6, 9, 7

Thus, 
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	 2.	Formulation of stiffness matrix:

The stiffness matrix is given by,

FIGURE 1.35  Unrestrained and restrained degrees-of-freedom.
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Thus, the size of the stiffness matrix is 4 × 4, neglecting axial deformation. For 
this problem, the element stiffness matrices are given by,
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0 333 0
K EIAB =

-
-

. . . .

. . . .

. .. . .

. . . .

333 0 111 0 111

0 333 0 333 0 111 0 111

1

3

9

4

-
- - -

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

1 2 5 8

1 0 5 0 375 0 375

0 5 1 0 375 0 375

0 375 0 375 0 188 0
K EIBC =

-
-
-

. . .

. . .

. . . .1188

0 375 0 375 0 188 0 188

2

5

8- - -

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

. . . .

2 6 9 7

1 33 0 667 0 333 0 333

0 667 1 333 0 333 0 333

0 333 0
K EICD =

-
-

. . . .

. . . .

. .3333 0 111 0 111

0 333 0 333 0 111 0 111

2

6

9

7

. .

. . . .

-
- - -

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

We need only the stiffness matrix of unrestrained degrees-of-freedom. 

1 2

2 333 0 5

0 5 2 333

1

2
K EIUU =

é

ë
ê

ù

û
ú

. .

. .

Then

	 K
EI

UU
- =

-
-

é

ë
ê

ù

û
ú

1 1
5 193

2 333 0 5

0 5 2 333.

. .

. .
	



45Planar Orthogonal Structures﻿

FIGURE 1.36  Fixed end moments for span AB.

	 3.	Calculation of fixed end moments:
The fixed end moments and reactions of the members are given subsequently:
For member AB (Figure 1.36),

	 M
wl

AB
F = - = - ´ = -

2 2

12
12 6

12
36 kNm 	

	 MBA
F = +36 kNm 	

	 VA = -36 kN 	

	 VB = -36 kN 	

For member BC (Figure 1.37),

	 M
pl

BC
F = = ´ = +

8
50 4

8
25 kNm 	

FIGURE 1.37  Fixed end moments for span BC.
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	 MCB
F = -25 kNm 	

	 VB = +25 kN 	

	 VC = +25 kN 	

For member CD (Figure 1.38),
For 20 kN load,

	 M
pab

l
CD
F = = ´ ´ = +

2

2

2

2

20 2 4
6

17 778. kNm 	

	 M
pa b

l
DC
F = = ´ ´ = -
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	 VC = +13 333. kN 	

	 VD = +6 667. kN 	

For 30 kN load,

	 M
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l
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F = = ´ ´ = +
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2
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30 4 2
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13 333. kNm 	

	 M
pa b

l
DC
F = = ´ ´ = -

2

2

2
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30 2 4
6

26 667. kNm 	

	 VC = +10 kN 	

	 VD = +20 kN 	

FIGURE 1.38  Fixed end moments for span BC.
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Thus, for the member CD, Fixed end moments and reactions are given by,

	 MCD
F = - - = -17 778 13 333 31 111. . . kNm 	

	 MDC
F . . .= + + = +8 889 26 667 35 556 kNm 	

	 VC = - - = -13 333 10 23 333. . kN 	

	 VD = - - = -6 667 20 26 667. . kN 	

Thus, for the whole beam, the fixed end moments are written as follows:
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	 4.	Calculation of joint load vectors:

The size of the joint load vector is 9 × 1. 
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The joint load vector can be split into unrestrained and restrained degrees-of- 
freedom.
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	 5.	Calculation of displacements:

Now,
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	 6.	Calculation of end moment and shear:

The general equation to find the end moment of the ith beam is,

	 M k
i i i i

éë ùû = + ( )d FEM 	

The equation can be rewritten element-wise as follows:
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We know that, q1
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= éë ùû { }+{ }d FEM 	
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Similarly, for the member CD,

	 M kCD CD
= éë ùû { }+{ }d FEM 	
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The member end moments and shear are shown in Figure 1.39, and the final moments 
in Figure 1.40.

Check:
In member AB,

	 FHå = 0 	

	 12 6 34 123 37 877 0´ - =( ) – . . 	

	 MAå = 0 	

	 + + × × × + =( ) − ( )28 487 12 6 3 34 123 6 39 75 0. . . 	

In member BC,

	 FVå = 0 	

FIGURE 1.39  Member fixed end moments and shear.
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	 40 502 9 798 50 0. .+ − = 	

	 MBå = 0 	

	 − − × + × + =( ) ( )13 159 9 498 4 50 2 98 489 0. . . 	

In member CD,

	 FHå = 0 	

	 20 30 11 444 38 556 0+ =– . – . 	

	 MDå = 0 	

	 + + × − × − × + =( ) ( ) ( )16 479 11 444 6 20 4 30 2 59 369 0. . . 	

1.8.4 �C omputer Program for Orthogonal Frame

%% stiffness matrix method
% Input
clc;
clear;
n = 3; % number of members
I = [2 1 2]; %Moment of inertis in m4
L = [6 4 6]; % length in m
uu = 2; % Number of unrestrained degrees of freedom

FIGURE 1.40  Final end moments and shear.
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ur = 7; % Number of restrained degrees of freedom
uul = [1 2]; % global labels of unrestrained dof
url = [3 4 5 6 7 8 9]; % global labels of restrained dof
l1 = [1 3 9 4]; % Global labels for member 1 
l2 = [1 2 5 8]; % Global labels for member 2
l3 = [2 6 9 7]; % Global labels for member 3
l= [l1; l2; l3];
dof = uu+ur;
Ktotal = zeros (dof);
fem1= [-36 36 -36 -36]; % Local Fixed end moments of member 1
fem2= [25 -25 25 25]; % Local Fixed end moments of member 2
fem3= [-31.111 35.556 -23.333 -26.667]; % Local Fixed end 
moments of member 3

%% rotation coefficients for each member
rc1 = 4.*I./L;
rc2 = 2.*I./L;

%% stiffness matrix 4 by 4 (axial deformation neglected)
for i = 1:n
      Knew = zeros (dof);
      k1 = [rc1(i); rc2(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i))];
      k2 = [rc2(i); rc1(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i))];
      k3 = [(rc1(i)+rc2(i))/L(i); (rc1(i)+rc2(i))/L(i); 
(2*(rc1(i)+rc2(i))/(L(i)^2)); (-2*(rc1(i)+rc2(i))/(L(i)^2))];
      k4 = -k3;
      K = [k1 k2 k3 k4];
      fprintf ('Member Number =');
      disp (i);
      fprintf ('Local Stiffness matrix of member, [K] = \n');
      disp (K);
      for p = 1:4
          for q = 1:4
              Knew((l(i,p)),(l(i,q))) =K(p,q);
          end
      end
      Ktotal = Ktotal + Knew;
      if i == 1
          Kg1=K;
      elseif i == 2
          Kg2 = K;
      else 
          Kg3=K;
      end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(uu);
for x=1:uu
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      for y=1:uu
          Kunr(x,y)= Ktotal(x,y);    
      end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [31; 86.111; -36; 36; -25; -35.556; 26.665; -25; 59.333]; 
% values given in kN or kNm
jlu = [31; 86.111]; % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros (ur,1);
del = [delu; delr];
deli= zeros (4,1);
for i = 1:n
      for p = 1:4
          deli(p,1) = del((l(i,p)),1) ;
      end
      if i == 1
              delbar1 = deli;
              mbar1= (Kg1 * delbar1)+fem1';
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar1');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar1');
          elseif i == 2
              delbar2 = deli;
              mbar2= (Kg2 * delbar2)+fem2';
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar2');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar2');
      else 
              delbar3 = deli;
              mbar3= (Kg3 * delbar3)+fem3';
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
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              disp (delbar3');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar3');
      end
end
%% check
mbar = [mbar1'; mbar2'; mbar3'];
jf = zeros(dof,1);
for a=1:n 
      for b=1:4 % size of k matrix
          d = l(a,b);
          jfnew = zeros(dof,1);
          jfnew(d,1)=mbar(a,b);
          jf=jf+jfnew;
      end
end
fprintf ('Joint forces = \n');
disp (jf');

MATLAB output:

Member Number =  1
Local Stiffness matrix of member, [K] = 

1.3333 0.6667 0.3333 -0.3333
0.6667 1.3333 0.3333 -0.3333
0.3333 0.3333 0.1111 -0.1111

-0.3333 -0.3333 -0.1111 0.1111

Member Number =  2
Local Stiffness matrix of member, [K] = 

1.0000 0.5000 0.3750 -0.3750
0.5000 1.0000 0.3750 -0.3750
0.3750 0.3750 0.1875 -0.1875

-0.3750 -0.3750 -0.1875 0.1875

Member Number =   3
Local Stiffness matrix of member, [K] = 

1.3333 0.6667 0.3333 -0.3333
0.6667 1.3333 0.3333 -0.3333
0.3333 0.3333 0.1111 -0.1111

-0.3333 -0.3333 -0.1111 0.1111

Stiffness Matrix of complete structure, [Ktotal] = 

2.3333 0.5000 0.6667 -0.3333 0.3750  0  0 -0.3750 0.3333

0.5000 2.3333  0  0 0.3750 0.6667 -0.3333 -0.3750 0.3333

0.6667  0 1.3333 -0.3333  0  0  0  0 0.3333

-0.3333  0 -0.3333 0.1111  0  0  0  0 -0.1111

0.3750 0.3750  0  0 0.1875  0  0 -0.1875  0
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0 0.6667  0  0  0 1.3333 -0.3333  0 0.3333

 0 -0.3333  0  0  0 -0.3333 0.1111  0 -0.1111

-0.3750 -0.3750  0  0 -0.1875  0  0 0.1875  0

0.3333 0.3333 0.3333 -0.1111  0 0.3333 -0.1111  0 0.2222

Unrestrained Stiffness sub-matrix, [Kuu] = 

2.3333 0.5000
0.5000 2.3333

Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

0.4492 -0.0963
-0.0963 0.4492

Joint Load vector, [Jl] = 

31.0000 86.1110 -36.0000 36.0000 -25.0000 -35.5560 26.6650 -25.0000 59.3330

Unrestrained displacements, [DelU] = 

5.6364 35.6969

Member Number =   1
Global displacement matrix [DeltaBar] = 

5.6364  0  0  0

Global End moment matrix [MBar] = 

-28.4848 39.7576 -34.1212 -37.8788

Member Number =	  2
Global displacement matrix [DeltaBar] = 

5.6364 35.6969  0  0

Global End moment matrix [MBar] = 

48.4848 13.5151 40.5000 9.5000

Member Number =	  3
Global displacement matrix [DeltaBar] = 

35.6969  0  0  0

Global End moment matrix [MBar] = 

16.4849 59.3539 -11.4340 -38.5660

Joint forces = 

20.0000 30.0000 39.7576 -37.8788
40.5000 59.3539 -38.5660 9.5000 -45.5552
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1.8.5 � Step Frame

Analyze the frame shown in Figure 1.41:

	 1.	Marking unrestrained and restrained degrees-of-freedom:

The unrestrained and restrained degrees-of-freedom are marked on the continuous 
beam as shown in Figure 1.42.

The total number of degrees-of-freedom is 13. Thus, the size of the stiffness 
matrix will be 13 × 13.

Unrestrained degrees-of-freedom = 7 [θ1, θ2, θ3, θ4, δ5, δ6, δ7]
Restrained degrees-of-freedom = 6 [θ8, θ11, δ9, δ10, δ12, δ13]

FIGURE 1.41  Frame example.

FIGURE 1.42  Unrestrained and restrained degrees-of-freedom.
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Thus, the size of the unrestrained submatrix will be 7 × 7. The total size of the 
stiffness matrix will be 13 × 13. The element stiffness matrix will be 4 × 4, neglect-
ing axial deformation.

The orientation and the labels of the members are given in the following table:

Member jth end kth end Degrees-of-freedom labels

BA B A 1, 8, 5, 9

BC B C 1, 2, 10, 6

CD C D 2, 3, 5, 7

DE D E 3, 4, 6, 13

EF E F 4, 11, 7, 12

	 2.	Formulation of stiffness matrix:

The stiffness matrix is given by,

	 K
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Thus, the size of the stiffness matrix is 4 × 4, neglecting axial deformation. For this 
problem, the element stiffness matrices are given as follows, considering the differ-
ence in the moment of inertia of all the members in the frame.

1 8 5 9

2 1 0 5 0 5

1 2 0 5 0 5

0 5 0 5 0 167 0 167

0 5 0 5 0 16
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2 3 5 7

2 667 1 333 1 333 1 333

1 333 2 667 1 333 1 333
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We need only the stiffness matrix of unrestrained degrees-of-freedom. 

1 2 3 4 7

4 1 0 0 0

1 4 667 1 333 0 1 333 0 75 1 333

0 1 3
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The size of the unrestrained stiffness matrix is 7 × 7. The inverse of the matrix is 
calculated using MATLAB programming and the solution is obtained by MATLAB 
code written for solving the planar orthogonal structures.
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	 3.	Calculation of fixed end moments:

Since the load is acting only on the joints, the joint load vector can be written directly.

	 4.	Calculation of joint load vectors:

The size of the joint load vector is 13 × 1. 
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The joint load vector can be split into unrestrained and restrained 
degrees-of-freedom.
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Thus, 
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	 5.	Calculation of displacements:

Now, D{ } = éë ùû { }-
u uu L u

k J
1
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	 6.	Calculation of end moment and shear:

The general equation to find the end moment of the ith beam is,

	 M k
i i i i

éë ùû = + ( )d FEM 	

The equation can be rewritten element-wise as follows:

	 M kAB AB
= éë ùû { }+{ }d FEM 	
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	 M kBC BC
= éë ùû { }+{ }d FEM 	
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Similarly, for the member CD, M kCD CD
= éë ùû { }+{ }d FEM
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	 M kDE DE
= éë ùû { }+{ }d FEM 	
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The member and final end moments and shear are shown in Figures 1.43 and 1.44.

FIGURE 1.43  Member end moments and shear.

FIGURE 1.44  Final end moments and shear.
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1.8.6 �C omputer Program for Step Frame

%% stiffness matrix method
% Input
clc;
clear;
n = 5; % number of members
I = [3 2 2 6 10]; %Moment of inertis in m4
L = [6 4 3 2 3]; % length in m
uu = 7; % Number of unrestrained degrees of freedom
ur = 6; % Number of restrained degrees of freedom
uul = [1 2 3 4 5 6 7]; % global labels of unrestrained dof
url = [8 9 10 11 12 13]; % global labels of restrained dof
l1 = [1 8 5 9]; % Global labels for member 1 
l2 = [1 2 10 6]; % Global labels for member 2
l3 = [2 3 5 7]; % Global labels for member 3
l4 = [3 4 6 13]; % Global labels for member 4
l5 = [4 11 7 12]; % Global labels for member 5
l= [l1; l2; l3; l4; l5];
dof = uu+ur;
Ktotal = zeros (dof);
fem1= zeros (1,4); % Local Fixed end moments of member 1
fem2= zeros (1,4); % Local Fixed end moments of member 2
fem3= zeros (1,4); % Local Fixed end moments of member 3
fem4= zeros (1,4); % Local Fixed end moments of member 4
fem5= zeros (1,4); % Local Fixed end moments of member 5

%% rotation coefficients for each member
rc1 = 4.*I./L;
rc2 = 2.*I./L;

%% stiffness matrix 4 by 4 (axial deformation neglected)
for i = 1:n
      Knew = zeros (dof);
      k1 = [rc1(i); rc2(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i))];
      k2 = [rc2(i); rc1(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i))];
      k3 = [(rc1(i)+rc2(i))/L(i); (rc1(i)+rc2(i))/L(i); 
(2*(rc1(i)+rc2(i))/(L(i)^2)); (-2*(rc1(i)+rc2(i))/(L(i)^2))];
      k4 = -k3;
      K = [k1 k2 k3 k4];
      fprintf ('Member Number =');
      disp (i);
      fprintf ('Local Stiffness matrix of member, [K] = \n');
      disp (K);
      for p = 1:4
          for q = 1:4
              Knew((l(i,p)),(l(i,q))) =K(p,q);
          end
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          end
          Ktotal = Ktotal + Knew;
          if i == 1
              Kg1=K;
          elseif i == 2
              Kg2 = K;
          elseif i ==3 
              Kg3=K;
          elseif i== 4
              Kg4 = K;
          else
              Kg5 = K;
          end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(uu);
for x=1:uu
      for y=1:uu
          Kunr(x,y)= Ktotal(x,y);    
      end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [0; 0; 0; 0; 20; -30; 0; 0; 0; 0; 0; 0; 0]; % values given 
in kN or kNm
jlu = [0; 0; 0; 0; 20; -30; 0]; % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros (ur,1);
del = [delu; delr];
deli= zeros (4,1);
for i = 1:n
      for p = 1:4
          deli(p,1) = del((l(i,p)),1) ;
      end
      if i == 1
            delbar1 = deli;
            mbar1= (Kg1 * delbar1)+fem1';
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
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            disp (delbar1');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar1');
        elseif i == 2
            delbar2 = deli;
            mbar2= (Kg2 * delbar2)+fem2';
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar2');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar2');
        elseif i == 3
            delbar3 = deli;
            mbar3= (Kg3 * delbar3)+fem3';
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar3');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar3');
        elseif i == 4
            delbar4 = deli;
            mbar4= (Kg4 * delbar4)+fem4';
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar4');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar4');
        else
            delbar5 = deli;
            mbar5= (Kg5 * delbar5)+fem5';
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar5');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar5');
      end
end
%% check
mbar = [mbar1'; mbar2'; mbar3'; mbar4'; mbar5'];
jf = zeros(dof,1);
for a=1:n 
      for b=1:4 % size of k matrix
          d = l(a,b);
          jfnew = zeros(dof,1);
          jfnew(d,1)=mbar(a,b);
          jf=jf+jfnew;
      end
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end
fprintf ('Joint forces = \n');
disp (jf');

MATLAB output:

Member Number =    1
Local Stiffness matrix of member, [K] = 

2.0000 1.0000 0.5000 -0.5000
1.0000 2.0000 0.5000 -0.5000
0.5000 0.5000 0.1667 -0.1667
-0.5000 -0.5000 -0.1667 0.1667

Member Number =  2
Local Stiffness matrix of member, [K] = 

2.0000 1.0000 0.7500 -0.7500
1.0000 2.0000 0.7500 -0.7500
0.7500 0.7500 0.3750 -0.3750

-0.7500 -0.7500 -0.3750 0.3750

Member Number =  3
Local Stiffness matrix of member, [K] = 

2.6667 1.3333 1.3333 -1.3333
1.3333 2.6667 1.3333 -1.3333
1.3333 1.3333 0.8889 -0.8889

-1.3333 -1.3333 -0.8889 0.8889

Member Number =  4
Local Stiffness matrix of member, [K] = 

12 6 9 -9
6 12 9 -9
9 9 9 -9

-9 -9 -9 9

Member Number =  5
Local Stiffness matrix of member, [K] = 

13.3333 6.6667 6.6667 −6.6667
6.6667 13.3333 6.6667 −6.6667
6.6667 6.6667 4.4444 −4.4444

−6.6667 −6.6667 −4.4444 4.4444

Stiffness Matrix of complete structure, [Ktotal] = 

4.0000 1.0000 0 0 0.5000 −0.7500 0 1.0000 -0.5000 0.7500 0

1.0000 4.6667 1.3333 0 1.3333 −0.7500 −1.3333 0 0 0.7500 0

0 1.3333 14.6667 6.0000 1.3333 9.0000 −1.3333 0 0 0 0

0 0 6.0000 25.3333 0 9.0000 6.6667 0 0 0 6.6667

0.5000 1.3333 1.3333 0 1.0556 0 −0.8889 0.5000 -0.1667 0 0
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−0.7500 −0.7500 9.0000 9.0000 0 9.3750 0 0 0 −0.3750 0

0 −1.3333 −1.3333 6.6667 −0.8889 0 5.3333 0 0 0 6.6667

1.0000 0 0 0 0.5000 0 0 2.0000 −0.5000 0 0

−0.5000 0 0 0 −0.1667 0 0 −0.5000 0.1667 0 0

0.7500 0.7500 0 0 0 −0.3750 0 0 0 0.3750 0

0 0 0 6.6667 0 0 6.6667 0 0 0 13.3333

0 0 0 −6.6667 0 0 −4.4444 0 0 0 −6.6667

0 0 −9.0000 −9.0000 0 −9.0000 0 0 0 0 0

Columns 12 through 13

0 0
0 0
0 -9.0000

-6.6667 -9.0000
0 0
0 -9.0000

-4.4444 0
0 0
0 0
0 0

-6.6667 0
4.4444 0

0 9.0000

Unrestrained Stiffness sub-matrix, [Kuu] = 

4.0000 1.0000 0 0 0.5000 -0.7500 0
1.0000 4.6667 1.3333 0 1.3333 -0.7500 -1.3333

0 1.3333 14.6667 6.0000 1.3333 9.0000 -1.3333
0 0 6.0000 25.3333 0 9.0000 6.6667

0.5000 1.3333 1.3333 0 1.0556 0 -0.8889
-0.7500 -0.7500 9.0000 9.0000 0 9.3750 0

0 -1.3333 -1.3333 6.6667 -0.8889 0 5.3333

Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

0.2758 -0.0298 -0.0053 -0.0016 -0.1070 0.0263 -0.0246
-0.0298 0.3843 -0.0747 -0.0808 -0.2639 0.1776 0.1344
-0.0053 -0.0747 0.2963 0.1098 -0.4029 -0.3962 -0.1490
-0.0016 -0.0808 0.1098 0.1914 -0.2690 -0.2957 -0.2768
-0.1070 -0.2639 -0.4029 -0.2690 2.3068 0.6154 0.5540
0.0263 0.1776 -0.3962 -0.2957 0.6154 0.7873 0.4175
-0.0246 0.1344 -0.1490 -0.2768 0.5540 0.4175 0.6221

Joint Load vector, [Jl] = 

0 0 0 0 20 -30 0 0 0 0 0 0 0

Unrestrained displacements, [DelU] = 

-2.9291 -10.6047 3.8284 3.4921 27.6762 -11.3104 -1.4465
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Member Number =  1
Global displacement matrix [DeltaBar] = 

-2.9291 0 27.6762 0

Global End moment matrix [MBar] = 

7.9800 10.9091 3.1482 -3.1482

Member Number =  2
Global displacement matrix [DeltaBar] = 

-2.9291 -10.6047 0 -11.3104

Global End moment matrix [MBar] = 

-7.9800 -15.6556 -5.9089 5.9089

Member Number =  3
Global displacement matrix [DeltaBar] = 

-10.6047 3.8284 27.6762 -1.4465

Global End moment matrix [MBar] = 

15.6556 34.8998 16.8518 -16.8518

Member Number =  4
Global displacement matrix [DeltaBar] = 

3.8284 3.4921 -11.3104 0

Global End moment matrix [MBar] = 

-34.8998 -36.9180 -35.9089 35.9089

Member Number =  5
Global displacement matrix [DeltaBar] = 

3.4921 0 -1.4465 0

Global End moment matrix [MBar] = 

36.9180 13.6375 16.8518 -16.8518

Joint forces = 

0.0000 -0.0000 -0.0000 -0.0000 20.0000 -30.0000 -0.0000
10.9091 -3.1482 -5.9089 13.6375 -16.8518 35.9089
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2 Planar Non-Orthogonal 
Structures

2.1 � PLANAR NON-ORTHOGONAL STRUCTURE

The analysis of a simple single story single bay frame is much easier through the 
stiffness method. The method becomes more complicated, when the members in the 
structure are not orthogonal to each other. A typical example of such a structure is a 
jacket platform, which is a template structure acted upon by wave forces. The mem-
bers in a jacket platform are always not orthogonal to each other.

Consider the conventional equation for a complete structure,

	 K J R
c c L c c

éë ùû { } = { } + éë ùûD 	 (2.1)

The previous equation is valid only when the local axes system of the member and 
reference axes system of the complete structure matches. In such a condition, the 
stiffness matrix can be established in terms of submatrices by partitioning them and 
solving them for displacements and moments. When the reference axes of the system 
and the member axes of the system are not aligned, then the stiffness matrix of each 
member may not be the same for the members not aligned with the reference axes of 
the structural system. Thus, the local stiffness matrix needs to be transformed with 
reference to global axes system to solve the problem. This is the difficulty in solv-
ing non-orthogonal structural systems. Thus, the complication starts only when the 
members are non-orthogonal to each other. Hence, all members must be aligned or 
transformed with respect to the reference axes of the system. The individual stiffness 
matrices of each member should be developed in the same manner as discussed ear-
lier. But, it should be transformed within the frame of reference axes of the system. 
The reference axes or global axes system and the local axis system are represented 
as shown in Figure 2.1.

There has got to be a connectivity established between the local axis and the 
global axis to solve a problem. The derivations discussed before, for the members 
aligned to the local axis system of the member, is completely valid. But, they need 
to be transformed when the local axis system is not mapped exactly to the refer-
ence axis system. If the local and reference axes system matches, there is no need 
of transformation. But, it is possible only when the members are orthogonal to each 
other. When the members are non-orthogonal to each other, then the mapping of the 
local axes system to the reference axes system is a major issue. The transformation 
has to be done on both the ways between the local axes and the global axes, which 
is required for the design of the members. Thus, the procedure has to be established 
for the development of the transformation matrix both ways.

Advanced Structural Analysis with MATLAB® Planar Non-Orthogonal Structures
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The stiffness matrices developed so far, are with reference to the local axes sys-
tem. Consider a member as shown in Figure 2.2, with nodes j and k. The local axes 
system of the member is represented by the xm, ym axes. One must choose the xm axis 
such that the length of the member lies on the positive side. Thus, it all depends on 
the location of the jth end of the member. Subsequently, the kth end of the member 
is located on the positive side of the xm axis. The ym axis is located anticlockwise or 
counterclockwise by 90° to xm. The length of the member is located on the positive 
side of xm.

The stiffness matrix derivation done so far, is valid for the local axes system. It is 
very important to note that the choice of the jth end helps to orient the member local 
axes to that of the reference axes. 

For example, consider an orthogonal system and non-orthogonal systems, as 
shown in Figure 2.3. The reference axes for both the systems are marked the same. 
But, the local axes system will vary for both members. All conditions mentioned pre-
viously while choosing the jth end and local axes should be satisfied. Thus, orienting 
the member with reference to the global axis will happen by choosing the jth and kth 
end of each member. When the members are non-orthogonal, it can be seen that the 
local axes of the members are not aligned with the reference axes of the structural 
system. Thus, the members need to be transformed to the reference axes of the struc-
tural system.

In case of non-orthogonal frames, orientation of the local axes (xm-ym) may be 
such that this cannot be aligned or mapped to the same orientation of the reference 
axes (X-Y) (or example, members 1 and 3 in Figure 2.3). Hence, the member stiff-
ness matrix cannot be directly written with respect to the reference axes. But, there 

FIGURE 2.1  Global and local axis system.

FIGURE 2.2  Local axes system representation for a member.
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is a solution for this problem. It can be transformed to the reference axes system. 
The stiffness matrix written for the local axes system will be valid. We need to 
transform the same for the reference axes system. This is true when the members are 
non-orthogonal. No additional efforts are required to derive or compute the stiffness 
matrix in (xm-ym) frame. The methods used earlier are all valid and only transforma-
tion has to be done. Thus, Ki x ym m

éë ùû -
needs a transformation into the reference axes 

(X-Y). K
X Y

éë ùû -
 cannot be written directly for non-orthogonal members. 

2.2 � STIFFNESS MATRIX FORMULATION

Let us now consider a beam element, which is slightly modified to be a member of 
non-orthogonal frames, as shown in Figure 2.4. Here, the axial deformation is also 
included. The displacements at both the ends are marked along with the local axes 
system. There are six degrees-of-freedom. Now, the stiffness matrix will be of size 
6 × 6. 

We already know the submatrix in the stiffness matrix neglecting the axial defor-
mation. It is given by,

FIGURE 2.3  Global and local axes of the structural systems.

FIGURE 2.4  Beam element.
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To develop the stiffness matrix for the non-orthogonal frame, consider the beam ele-
ment undergoing unit axial deformation, as shown in Figure 2.5. 

ktt is the force in the tth degree by giving unit displacement in the tth degree.
kht is the force in the hth degree by giving unit displacement in the tth degree.

Here, k
AE

l

AE

l
tt u= =d  (Since, the beam is assumed to undergo unit displacement)

	 k
AE

l
ht = - 	 (2.2)

Similarly, assuming the beam element undergoing axial deformation on the other 
end, as shown in Figure 2.6.

	 k
AE

l
th = - 	 (2.3)

	 k
AE

l

AE

l
hh u= =d 	 (2.4)

FIGURE 2.5  Beam element with axial deformation.

FIGURE 2.6  Beam element with axial deformation.
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Thus, the matrix involving axial deformation can be written as follows:
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By combining the previously mentioned stiffness submatrix for axial deformation 
with the stiffness matrix derived before, one can get the full stiffness matrix of the 
non-orthogonal structural system.

Thus, the complete stiffness matrix for the member at the local axes is given by,

	 K
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This is the complete 6 × 6 stiffness matrix of the member at the local axes. If the 
local axes of the member does not orient with the global axes or the reference axes 
of the system, transformation has to be done. Thus, the transformation matrix has to 
be derived to transform the previously mentioned stiffness matrix to the reference 
axes system.

2.3 � TRANSFORMATION MATRIX

Let us consider two orthogonal sets of axes, such as (x1-y1) and (x2-y2), as shown in 
Figure 2.7.

It can be seen that y1 is anticlockwise 90 degrees to x1. Similarly, y2 is anticlock-
wise 90 degrees to x2. Both the axes have a common origin. Let (x2-y2) be rotated 
anticlockwise by θ degrees. The horizontal and vertical components in (x1-y1) axes 

are V1  and V2  respectively. One can resolve (x1-y1) to (x2-y2) axes. Thus,

	 V V V1 1 2= +cos sinq q	

	 V V V2 2 1= -cos sinq q	 (2.5)
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The previous equations can be written in matrix form as follows:

	
V
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cos sin
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It can also be expressed as follows:

	 V T V{ } = éë ùû{ }	 (2.6)

Where, [T] is the transformation matrix.
Alternatively, one can also resolve (x2-y2) to (x1-y1) axes. In this case,

	 V V V1 1 2= -cos sinq q	

	 V V V2 2 1= +cos sinq q	 (2.7)

Expressing the previous equations in matrix form,

	
V
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	 V T V
T{ } = éë ùû { }	 (2.8)

FIGURE 2.7  Two orthogonal sets of axes.



73Planar Non-Orthogonal Structures﻿

The transformation between the axes in both ways is valid. Thus, the transformation 
matrix is given by,

	 [ ]T
c s

s c
=

-
é

ë
ê

ù

û
ú	

Where,
c	 represents cos(θ)
s	 represents sin(θ)

Here, θ is the angle between the two axes measured in a specific style. For any 
arbitrarily oriented member, local axes (xm-ym) should be parallel to (x2-y2), for which 
reference axes will be (x1-y1). Hence, θ is the inclination or rotation of xm with respect 
to x measured in an anticlockwise manner. We already know how to mark the local 
axes for a given member that is arbitrarily oriented with respect to the reference axes. 
Xm should be considered in such a manner, so that the length of the member should 
be on the positive side of xm and ym should be 90 degrees anticlockwise to xm.

Important property of transformation matrix:
The inverse of the transformation matrix is given by,

	 [ ]
cos sin

cos sin

sin cos
[ ]T T T- =

+
-é

ë
ê

ù

û
ú =

1
2 2

1
q q

q q
q q

	

Thus, the inverse of the transformation matrix is equal to the transpose of the matrix. 
Hence, the transformation matrix is orthogonal. 

2.4 � TRANSFORMATION MATRIX FOR END MOMENTS

Let us now consider a beam that is arbitrarily oriented with respect to the reference 
axes, as shown in Figure 2.8. The member is inclined by an angle θ. The member 
also undergoes axial deformation and hence the degree-of-freedom is six. Now, let 

FIGURE 2.8  Transformation matrix for end moments and displacements.
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us map all the degrees-of-freedom with respect to the reference axes. The mapping 
of the displacements with respect to the reference axes will become parallel to the 
reference axes themselves.

Thus, displacements along both local and reference (global) axes are given by,

Displacements along the reference axes = 
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Displacement along the local axes = 
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The displacements on the local and reference axes are connected by the transfor-
mation matrix as follows:
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Since,
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	 (2.9)

Thus, it can be said that m T mi
T

i= .
Thus, the transformation matrix is written as follows:
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	 m Tmi i= 	 (2.10)
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Thus, the following set of equations can be written as follows:

	 d di i

T
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T{ } = éë ùû { } 	
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It can be seen that the transformation matrix has sine and cosine values. The com-
ponent resolved along the x axis is cos θ and the component along the y axis is sin θ. 
They are denoted as Cx and Cy respectively. Thus, the transformation matrix can be 
finally written as follows:
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It is interesting to note that the local axes (xm-ym) are rotated anticlockwise by θ 
degrees with respect to the reference axes. Thus, θ is measured anticlockwise, which 
means that the angle is measured anticlockwise between positive xm and X axes. 
Now, this will govern the orientation of the member with respect to the reference 
axes. The transformation matrix will automatically take care of the mapping. 
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2.5 � GLOBAL STIFFNESS MATRIX

Let us consider an arbitrarily oriented member with respect to the reference axes, as 
shown in Figure 2.9: The length of the member Li. The length of the member can be 
easily mapped with respect to the reference axes.
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x
k j

i

y
k j

i

i k j k j
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q
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	 (2.12)

Thus, knowing the values of Cx, Cy and θ, one can define the transformation matrix 
of the arbitrarily oriented member with reference to the reference axes. It can be 
said that, for the known orientation of (xm-ym) axes with respect to the (X-Y) axes, 
the transformation matrix is completely known. Since the stiffness matrix of the 
member in the local axes is already known, the stiffness matrix with respect to the 
global axes can be found.

We know,

	 m T m
i i i{ } = éë ùû { }	 (2.13)

	 d d{ } = éë ùû { }i i iT 	 (2.14)

Substituting the previous equations in the following equation,

	 m K
i i i{ } = éë ùû { }d 	

FIGURE 2.9  Transformation of length of the member.
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	 T m K T
i i i i iéë ùû { } = éë ùû { }[ ] d 	 (2.15)

Pre-multiplying with T−1,

	 m T K Ti i i i i{ } = éë ùû éë ùû { }-1
[ ] d 	 (2.16)

Since, [T] is an orthogonal matrix, the previous equation can be rewritten as follows:

	 m T K Ti i

T
i i i{ } = éë ùû éë ùû { }[ ] d 	 (2.17)

Thus, from the previous equation, the stiffness matrix of the member with respect to 
the reference axes can be written as,

	 K T K T
i i

T
i i{ } = éë ùû éë ùû[ ] 	 (2.18)

The previously mentioned relationship can be used to find the global stiffness 
matrix of the ith member that is arbitrarily oriented with respect to the reference 
axes. Now, the following equation can be written, which gives the relationship 
between the component end displacements and end actions of the member in (X-Y) 
axes system:

	 m K
i i i{ } = éë ùû { }d 	 (2.19)

Further, 
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	 (2.20)

2.6 � IMPORTANT STEPS IN ANALYSIS OF NON-
ORTHOGONAL STRUCTURES

Step 1: Locate the local axes of the members
Choosing the jth end of the member will position the (xm-ym) axes of the member. The 
origin of the axes (xm-ym) is at the jth end. The xm axis should be oriented toward the 
kth end making length of the member in the positive side of xm-ym axis is 90 degrees 
anticlockwise to xm. Now, this will fix the kth end.

Step 2: Locate reference axes and calculate θ
Locate the position of the reference axes (X-Y). Find θ, which is the anticlockwise 
angle between (X-Y) and the (xm-ym) axes.
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Step 3: Compute transformation matrix coefficients of each member
Since θ is known, find Cx and Cy and determine the transformation matrix [T] for 
each member.

Step 4: Identify/label the degrees-of-freedom
Choose unrestrained displacements, both translational and rotational as the first 
group. Then choose the restrained displacement as the second group. The important 
point to be considered here is that the unrestrained and the restrained degrees-of-
freedom are chosen with respect to the reference axes and not with respect to the 
local axes.

For example, consider a non-orthogonal frame, as shown in Figure 2.10. The 
reference axes is also marked for the frame. The degrees-of-freedom are marked 
with respect to the reference axes. There are nine unrestrained and six unrestrained 
degrees-of-freedom. The unrestrained degrees should be grouped first, followed by 
the restrained degrees. It can also be seen that the displacements, in all restrained 
and unrestrained degrees-of-freedom, are all oriented with respect to the reference 
axes (X-Y), but not with respect to the local axes.

Step 5: Estimate the stiffness matrix
The stiffness matrix, including the axial deformation, will be of size 6 × 6. Then, find 
the global stiffness matrix for every member. Finally, assemble the stiffness matrix 
for the complete structure and get the submatrix of unrestrained degrees-of-freedom 
from the total stiffness matrix.

Step 6: Calculation of fixed end moments and joint loads
Joint loads should be computed with respect to the reference axes only. Joint loads 
are the reversal of the sign of fixed end moments (FEM). Thus,

FIGURE 2.10  Marking degrees-of-freedom.
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T 	 (2.21)

Consider a beam arbitrarily oriented, as shown in Figure 2.11. The degrees-of-free-
dom of the member are marked in both the local and global axes systems.

Now, the fixed end moments in the local and global axes are written as follows:
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Therefore, the fixed end moment of global axes is a transformed value of the fixed 
end moment of local axes. Then, the joint load vector is obtained by reversing the 
sign of the global fixed end moment of every member. Finally, the joint load vector 
for the complete structure is obtained. Now, the joint load vector for the unrestrained 
degree can be obtained from the global joint load vector.

Step 7: Calculation of end moments and end shear
Then, calculate the unrestrained displacements by using the following equation:

	 du uu L u
K J{ } = éë ùû { }-1

	 (2.22)

FIGURE 2.11  Degrees-of-freedom of beam in local and global axes system.
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The end moments and shear of every member are obtained by the following equations:

	
M K

M K

i i i i

i i i i

{ } = éë ùû { }+{ }

{ } = éë ùû { }+{ }

d

d

FEM

FEM
	 (2.23)

Example problems with computer program

EXAMPLE 2.1:

Analyze the planar non-orthogonal structure shown in Figure 2.12 using the stiff-
ness method. Given, I = 0.0016 m4, A = 0.120 m2 and E is constant.

Solution:
Initially, mark the local and global axes for the structure. 
For the member AB, θ = tan−1(4/2) = 63.435°.
For the member BC, θ = 0°.

	 1.	Calculation of transformation matrix coefficients and global labels:

	 The unrestrained and restrained degrees-of-freedom are marked in the 
structure, similar to that of the orthogonal structure. The local axes sys-
tem for the members and the global axes system are also marked, as 
shown in Figure 2.13.

	 Unrestrained degrees-of-freedom: 3 (θ1, δ2, δ3) 
	 Restrained degrees-of-freedom: 6 (θ4, δ5, δ6, θ7, δ8, δ9) 

FIGURE 2.12  Non-orthogonal structure example.
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	 Thus, the size of the total stiffness matrix will be 9 × 9, in which the sub-
matrix for the unrestrained degrees-of-freedom will be of size 3 × 3.

Member 
Number

Ends

Length (m) θ (Degrees) Cx Cy Global Labelsj k

1 A B 4.472 +63.435 0.447 0.894 (7,1,9,2,8,3)

2 B C 4 0 1 0 (1,4,2,5,3,6)

	 2.	Calculation of the local stiffness matrix:

	 The stiffness matrix for the standard beam element including the axial 
deformation is given by,
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FIGURE 2.13  Degrees-of-freedom in local and global axes system.
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	 3.	Calculation of transformation matrix:

	 The transformation matrix for any member ‘i’ is given by,

	 [ ]T
C C

C C

C C

C C

x y

x y

y x

y x

=
-

-

é

ë

ê
ê
ê
ê
ê
ê

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
êê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú

	

	 [ ]
. .

. .

.

T AB =
-

-

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 4472 0 0 8944 0

0 0 0 0 4472 0 0 8944

0 0 0 09444 0 0 4472 0

0 0 0 0 8944 0 0 4472

.

. .

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú

	

	 [ ]T BC =

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

úú
ú
ú
ú

	



83Planar Non-Orthogonal Structures﻿

	 4.	Estimation of the joint load vector:

	 The structure does not have any member loading. There is a load acting 
only on the joint. Hence, fixed end moments will not be generated in the 
members. Thus, the joint load vector can be written directly as follows:
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	 Thus, the joint load vector in unrestrained degrees-of-freedom is given by,
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	 5.	Calculation of the global stiffness matrix:

	 The stiffness matrix of every member, with respect to the global axes 
system, is obtained by the following equation:
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	 These matrices are then assembled to get the total stiffness matrix, which 
will be a 9 × 9 matrix with submatrices of unrestrained and restrained 
degrees-of-freedom.
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	 6.	Calculation of end moments and shear:
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		  The member and final and moments are shown in Figures 2.14 and 2.15.

FIGURE 2.14  Member end moments and shear.
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FIGURE 2.15  Final end moments and shear.

MATLAB® program:

%% stiffness matrix method
% Input
clc;
clear;
n = 2; % number of members
I = [0.0016 0.0016]; %Moment of inertis in m4
L = [4.472 4]; % length in m
A = [0.12 0.12]; % Area in m2
theta= [63.435 0]; % angle in degrees
uu = 3; % Number of unrestrained degrees of freedom
ur = 6; % Number of restrained degrees of freedom
uul = [1 2 3]; % global labels of unrestrained dof
url = [4 5 6 7 8 9]; % global labels of restrained dof
l1 = [7 1 9 2 8 3]; % Global labels for member 1 
l2 = [1 4 2 5 3 6]; % Global labels for member 2
l= [l1; l2];
dof = uu + ur; % Degrees of freedom
Ktotal = zeros (dof);
Tt1 = zeros (6); % Transformation matrix for member 1
Tt2 = zeros (6); % Transformation matrix for member 2
Tt3 = zeros (6); % Transformation matrix for member 3
fem1= [0; 0; 0; 0; 0; 0]; % Local Fixed end moments of member 1
fem2= [0; 0; 0; 0; 0; 0]; % Local Fixed end moments of member 2

%% rotation coefficients for each member
rc1 = 4.*I./L;
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rc2 = 2.*I./L;
rc3 = A./L;
cx = cosd(theta);
cy = sind(theta);

%% stiffness matrix 6 by 6
for i = 1:n
      Knew = zeros (dof);
      k1 = [rc1(i); rc2(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0];
      k2 = [rc2(i); rc1(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0;];
      k3 = [(rc1(i)+rc2(i))/L(i); (rc1(i)+rc2(i))/L(i); 
(2*(rc1(i)+rc2(i))/(L(i)^2)); (-2*(rc1(i)+rc2(i))/(L(i)^2)); 
0; 0;];
      k4 = -k3;
      k5 = [0; 0; 0; 0; rc3(i); -rc3(i)];
      k6 = [0; 0; 0; 0; -rc3(i); rc3(i)];
      K = [k1 k2 k3 k4 k5 k6];
      fprintf ('Member Number =');
      disp (i);
      fprintf ('Local Stiffness matrix of member, [K] = \n');
      disp (K);
      T1 = [1; 0; 0; 0; 0; 0];
      T2 = [0; 1; 0; 0; 0; 0];
      T3 = [0; 0; cx(i); 0; cy(i); 0];
      T4 = [0; 0; 0; cx(i); 0; cy(i)];
      T5 = [0; 0; -cy(i); 0; cx(i); 0];
      T6 = [0; 0; 0; -cy(i); 0; cx(i)];
      T = [T1 T2 T3 T4 T5 T6];
      fprintf ('Tranformation matrix of member, [T] = \n');
      disp (T);
      Ttr = T';
      fprintf ('Tranformation matrix Transpose, [T] = \n');
      disp (Ttr);
      Kg = Ttr*K*T;
      fprintf ('Global Matrix, [K global] = \n');
      disp (Kg);
      for p = 1:6
          for q = 1:6
              Knew((l(i,p)),(l(i,q))) =Kg(p,q);
          end
      end
      Ktotal = Ktotal + Knew;
      if i == 1
          Tt1= T;
          Kg1=Kg;
          fembar1= Tt1'*fem1;
      elseif i == 2
          Tt2 = T;
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          Kg2 = Kg;
          fembar2= Tt2'*fem2;
      end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(3);
for x=1:uu
      for y=1:uu
          Kunr(x,y)= Ktotal(x,y);    
      end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [0; 0; 10; 0; 0; 0; 0; 0; 0]; % values given in kN or kNm
jlu = [0; 0; 10]; % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros (ur,1);
del = zeros (dof,1);
del = [delu; delr];
deli= zeros (6,1);
for i = 1:n
      for p = 1:6
          deli(p,1) = del((l(i,p)),1) ;
      end
      if i == 1
              delbar1 = deli;
              mbar1= (Kg1 * delbar1)+fembar1;
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar1');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar1');
          elseif i == 2
              delbar2 = deli;
              mbar2= (Kg2 * delbar2)+fembar2;
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
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              disp (delbar2');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar2');
      end
end

%% check
mbar = [mbar1'; mbar2'];
jf = zeros(dof,1);
for a=1:n 
      for b=1:6 % size of k matrix
          d = l(a,b);
          jfnew = zeros(dof,1);
          jfnew(d,1)=mbar(a,b);
          jf=jf+jfnew;
      end
end
fprintf ('Joint forces = \n');
disp (jf');

MATLAB output:

Member Number =  1
Local Stiffness matrix of member, [K] = 

0.0014 0.0007 0.0005 -0.0005 0 0
0.0007 0.0014 0.0005 -0.0005 0 0
0.0005 0.0005 0.0002 -0.0002 0 0

-0.0005 -0.0005 -0.0002 0.0002 0 0
0 0 0 0 0.0268 -0.0268
0 0 0 0 -0.0268 0.0268

Tranformation matrix of member, [T] = 

1.0000 0 0 0 0 0
0 1.0000 0 0 0 0
0 0 0.4472 0 -0.8944 0
0 0 0 0.4472 0 -0.8944
0 0 0.8944 0 0.4472 0
0 0 0 0.8944 0 0.4472

Tranformation matrix Transpose, [T] = 

1.0000 0 0 0 0 0
0 1.0000 0 0 0 0
0 0 0.4472 0 0.8944 0
0 0 0 0.4472 0 0.8944
0 0 -0.8944 0 0.4472 0
0 0 0 -0.8944 0 0.4472
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Global Matrix, [K global] = 

0.0014 0.0007 0.0002 -0.0002 -0.0004 0.0004
0.0007 0.0014 0.0002 -0.0002 -0.0004 0.0004
0.0002 0.0002 0.0215 -0.0215 0.0106 -0.0106

-0.0002 -0.0002 -0.0215 0.0215 -0.0106 0.0106
-0.0004 -0.0004 0.0106 -0.0106 0.0055 -0.0055
0.0004 0.0004 -0.0106 0.0106 -0.0055 0.0055

Member Number =  2
Local Stiffness matrix of member, [K] = 

0.0016 0.0008 0.0006 -0.0006 0 0
0.0008 0.0016 0.0006 -0.0006 0 0
0.0006 0.0006 0.0003 -0.0003 0 0

-0.0006 -0.0006 -0.0003 0.0003 0 0
0 0 0 0 0.0300 -0.0300
0 0 0 0 -0.0300 0.0300

Tranformation matrix of member, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Tranformation matrix Transpose, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Global Matrix, [K global] = 

0.0016 0.0008 0.0006 -0.0006 0 0
0.0008 0.0016 0.0006 -0.0006 0 0
0.0006 0.0006 0.0003 -0.0003 0 0

-0.0006 -0.0006 -0.0003 0.0003 0 0
0 0 0 0 0.0300 -0.0300
0 0 0 0 -0.0300 0.0300
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Stiffness Matrix of complete structure, [Ktotal] = 

0.0030 0.0004 0.0004 0.0008 -0.0006 0 0.0007 -0.0004 0.0002

0.0004 0.0218 0.0106 0.0006 -0.0003 0 -0.0002 -0.0106 -0.0215

0.0004 0.0106 0.0355 0 0 -0.0300 0.0004 -0.0055 -0.0106

0.0008 0.0006 0 0.0016 -0.0006 0 0 0 0

-0.0006 -0.0003 0 -0.0006 0.0003 0 0 0 0

0 0 -0.0300 0 0 0.0300 0 0 0

0.0007 -0.0002 0.0004 0 0 0 0.0014 -0.0004 0.0002

-0.0004 -0.0106 -0.0055 0 0 0 -0.0004 0.0055 0.0106

0.0002 -0.0215 -0.0106 0 0 0 0.0002 0.0106 0.0215

Unrestrained Stiffness sub-matrix, [Kuu] = 

0.0030 0.0004 0.0004
0.0004 0.0218 0.0106
0.0004 0.0106 0.0355

Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

330.8628 -4.5612 -2.6307
-4.5612 53.7692 -16.0545
-2.6307 -16.0545 32.9804

Joint Load vector, [Jl] = 

0 0 10 0 0 0 0 0 0

Unrestrained displacements, [DelU] = 

-26.3069 -160.5452 329.8036

Member Number =   1
Global displacement matrix [DeltaBar] = 

0 -26.3069 0 -160.5452 0 329.8036

Global End moment matrix [MBar] = 

0.1572 0.1384 -0.0639 0.0639 -0.1059 0.1059

Member Number =  2
Global displacement matrix [DeltaBar] = 

-26.3069 0 -160.5452 0 329.8036 0

Global End moment matrix [MBar] = 

-0.1384 -0.1174 -0.0639 0.0639 9.8941 -9.8941

Joint forces = 

0 0.0000 10.0000 -0.1174 0.0639 -9.8941 0.1572 -0.1059 -0.0639
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EXAMPLE 2.2:

Analyze the planar non-orthogonal structure shown in Figure 2.16 using the stiff-
ness method. 

Solution:
	 1.	Calculation of transformation matrix coefficients and global labels:

	 The unrestrained and restrained degrees-of-freedom are marked in the 
structure, similar to that of the orthogonal structure. The local axes sys-
tem for the members and the global axes system are also marked, as 
shown in Figure 2.17.

	 Unrestrained degrees-of-freedom: 6 (θ1, θ2, δ3, δ4, δ5, δ6) 
	 Restrained degrees-of-freedom: 6 (θ7, δ8, δ9, θ10, δ11, δ12) 
	 Thus, the size of the total stiffness matrix will be 12 × 12, in which 

the  submatrix for the unrestrained degrees-of-freedom will be of size 
6 × 6.

Member 
Number

Ends
Length 

(m)
θ 

(Degrees) Cx Cy

Global 
Labelsj k

1 A B 4 90 0 1 (7,1,9,4,8,3)

2 B C 6 0 1 0 (1,2,4,6,3,5)

3 C D 4.472 −63.435 0.447 −0.894 (2,10,6,12,5,11)

FIGURE 2.16  Non-orthogonal structure example.
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	 2.	Calculation of the local stiffness matrix:

	 The stiffness matrix for the standard beam element including the axial 
deformation is given by,

	 K
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FIGURE 2.17  Degrees-of-freedom, local and global axes system.
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	 3.	Calculation of transformation matrix:

	 The transformation matrix for any member ‘i’ is given by,
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	 4.	Estimation of the joint load vector:

	 The structure does not have any member loading. There is a load acting 
only on the joint. Hence, fixed end moments will not be generated in the 
members. Thus, the joint load vector can be written directly as follows:

JL{ } =
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	 Thus, the joint load vector in unrestrained degrees-of-freedom is 
given by,

	 JLu{ } =
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	 5.	Calculation of the global stiffness matrix:

	 The stiffness matrix of every member, with respect to the global axes 
system, is obtained by the following equation:

	 K T K T
i i

T
i i{ } = [ ] [ ][ ] 	
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	 6.	Calculation of end moments and shear:
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FIGURE 2.18  Member end moments and shear.

FIGURE 2.19  Final end moments and shear.
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The member and final and moments are shown in Figures 2.18 and 2.19.

MATLAB program

%% stiffness matrix method
% Input
clc;
clear;
n = 3; % number of members
I = [0.00228 0.003125 0.00228]; %Moment of inertis in m4
L = [4 6 4.472]; % length in m
A = [0.135 0.15 0.135]; % Area in m2
theta= [90 0 -63.435]; % angle in degrees
uu = 6; % Number of unrestrained degrees of freedom
ur = 6; % Number of restrained degrees of freedom
uul = [1 2 3 4 5 6]; % global labels of unrestrained dof
url = [7 8 9 10 11 12]; % global labels of restrained dof
l1 = [7 1 9 4 8 3]; % Global labels for member 1 
l2 = [1 2 4 6 3 5]; % Global labels for member 2
l3 = [2 10 6 12 5 11]; % Global labels for member 3
l= [l1; l2; l3];
dof = uu + ur; % Degrees of freedom
Ktotal = zeros (dof);
Tt1 = zeros (6); % Transformation matrix for member 1
Tt2 = zeros (6); % Transformation matrix for member 2
Tt3 = zeros (6); % Transformation matrix for member 3
fem1= [0; 0; 0; 0; 0; 0]; % Local Fixed end moments of member 1
fem2= [0; 0; 0; 0; 0; 0]; % Local Fixed end moments of member 2
fem3= [0; 0; 0; 0; 0; 0]; % Local Fixed end moments of member 3
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%% rotation coefficients for each member
rc1 = 4.*I./L;
rc2 = 2.*I./L;
rc3 = A./L;
cx = cosd(theta);
cy = sind(theta);

%% stiffness matrix 6 by 6
for i = 1:n
      Knew = zeros (dof);
      k1 = [rc1(i); rc2(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0];
      k2 = [rc2(i); rc1(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0;];
      k3 = [(rc1(i)+rc2(i))/L(i); (rc1(i)+rc2(i))/L(i); 
(2*(rc1(i)+rc2(i))/(L(i)^2)); (-2*(rc1(i)+rc2(i))/(L(i)^2)); 
0; 0;];
      k4 = -k3;
      k5 = [0; 0; 0; 0; rc3(i); -rc3(i)];
      k6 = [0; 0; 0; 0; -rc3(i); rc3(i)];
      K = [k1 k2 k3 k4 k5 k6];
      fprintf ('Member Number =');
      disp (i);
      fprintf ('Local Stiffness matrix of member, [K] = \n');
      disp (K);
      T1 = [1; 0; 0; 0; 0; 0];
      T2 = [0; 1; 0; 0; 0; 0];
      T3 = [0; 0; cx(i); 0; cy(i); 0];
      T4 = [0; 0; 0; cx(i); 0; cy(i)];
      T5 = [0; 0; -cy(i); 0; cx(i); 0];
      T6 = [0; 0; 0; -cy(i); 0; cx(i)];
      T = [T1 T2 T3 T4 T5 T6];
      fprintf ('Tranformation matrix of member, [T] = \n');
      disp (T);
      Ttr = T';
      fprintf ('Tranformation matrix Transpose, [T] = \n');
      disp (Ttr);
      Kg = Ttr*K*T;
      fprintf ('Global Matrix, [K global] = \n');
      disp (Kg);
      for p = 1:6
          for q = 1:6
              Knew((l(i,p)),(l(i,q))) =Kg(p,q);
           end
      end
      Ktotal = Ktotal + Knew;
      if i == 1
          Tt1= T;
          Kg1=Kg;
          fembar1= Tt1'*fem1;
      elseif i == 2
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          Tt2 = T;
          Kg2 = Kg;
          fembar2= Tt2'*fem2;
      else 
          Tt3 = T;
          Kg3=Kg;
          fembar3= Tt3'*fem3;
      end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = 
\n');
disp (Ktotal);
Kunr = zeros(6);
for x=1:uu
      for y=1:uu
          Kunr(x,y)= Ktotal(x,y);    
      end
end
fprintf ('Unrestrained Stiffness sub-matix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [0; 0; 50; 0; 0; -100; 0; 0; 0; 0; 0; 0]; % values given 
in kN or kNm
jlu = jl(1:uu,1); % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros (ur,1);
del = zeros (dof,1);
del = [delu; delr];
deli= zeros (6,1);
for i = 1:n
      for p = 1:6
          deli(p,1) = del((l(i,p)),1) ;
      end
      if i == 1
              delbar1 = deli;
              mbar1= (Kg1 * delbar1)+fembar1;
              fprintf ('Member Number =');
              disp (i);
                  fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar1');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar1');
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              elseif i == 2
              delbar2 = deli;
              mbar2= (Kg2 * delbar2)+fembar2;
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar2');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar2');
          else 
              delbar3 = deli;
              mbar3= (Kg3 * delbar3)+fembar3;
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar3');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar3');
       end
end

%% check
mbar = [mbar1'; mbar2'; mbar3'];
jf = zeros(dof,1);
for a=1:n 
      for b=1:6 % size of k matrix
          d = l(a,b);
          jfnew = zeros(dof,1);
          jfnew(d,1)=mbar(a,b);
          jf=jf+jfnew;
      end
end
fprintf ('Joint forces = \n');
disp (jf');

MATLAB output:

Member Number =  1
Local Stiffness matrix of member, [K] = 

0.0023 0.0011 0.0009 -0.0009 0 0
0.0011 0.0023 0.0009 -0.0009 0 0
0.0009 0.0009 0.0004 -0.0004 0 0

-0.0009 -0.0009 -0.0004 0.0004 0 0
0 0 0 0 0.0338 -0.0338
0 0 0 0 -0.0338 0.0338
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Tranformation matrix of member, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 -1 0
0 0 0 0 0 -1
0 0 1 0 0 0
0 0 0 1 0 0

Tranformation matrix Transpose, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 -1 0 0 0
0 0 0 -1 0 0

Global Matrix, [K global] = 

0.0023 0.0011 0 0 -0.0009 0.0009
0.0011 0.0023 0 0 -0.0009 0.0009

0 0 0.0338 -0.0338 0 0
0 0 -0.0338 0.0338 0 0

-0.0009 -0.0009 0 0 0.0004 -0.0004
0.0009 0.0009 0 0 -0.0004 0.0004

Member Number =  2
Local Stiffness matrix of member, [K] = 

0.0021 0.0010 0.0005 -0.0005 0 0
0.0010 0.0021 0.0005 -0.0005 0 0
0.0005 0.0005 0.0002 -0.0002 0 0

-0.0005 -0.0005 -0.0002 0.0002 0 0
0 0 0 0 0.0250 -0.0250
0 0 0 0 -0.0250 0.0250

Tranformation matrix of member, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
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Tranformation matrix Transpose, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Global Matrix, [K global] = 

0.0021 0.0010 0.0005 -0.0005 0 0
0.0010 0.0021 0.0005 -0.0005 0 0
0.0005 0.0005 0.0002 -0.0002 0 0

-0.0005 -0.0005 -0.0002 0.0002 0 0
0 0 0 0 0.0250 -0.0250
0 0 0 0 -0.0250 0.0250

Member Number =  3
Local Stiffness matrix of member, [K] = 

0.0020 0.0010 0.0007 -0.0007 0 0
0.0010 0.0020 0.0007 -0.0007 0 0
0.0007 0.0007 0.0003 -0.0003 0 0

-0.0007 -0.0007 -0.0003 0.0003 0 0
0 0 0 0 0.0302 -0.0302
0 0 0 0 -0.0302 0.0302

Tranformation matrix of member, [T] = 

1.0000 0 0 0 0 0
0 1.0000 0 0 0 0
0 0 0.4472 0 0.8944 0
0 0 0 0.4472 0 0.8944
0 0 -0.8944 0 0.4472 0
0 0 0 -0.8944 0 0.4472

Tranformation matrix Transpose, [T] = 

1.0000 0 0 0 0 0
0 1.0000 0 0 0 0
0 0 0.4472 0 -0.8944 0
0 0 0 0.4472 0 -0.8944
0 0 0.8944 0 0.4472 0
0 0 0 0.8944 0 0.4472
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Global Matrix, [K global] = 

0.0020 0.0010 0.0003 -0.0003 0.0006 -0.0006
0.0010 0.0020 0.0003 -0.0003 0.0006 -0.0006
0.0003 0.0003 0.0242 -0.0242 -0.0120 0.0120

-0.0003 -0.0003 -0.0242 0.0242 0.0120 -0.0120
0.0006 0.0006 -0.0120 0.0120 0.0063 -0.0063

-0.0006 -0.0006 0.0120 -0.0120 -0.0063 0.0063

Stiffness Matrix of complete structure, [Ktotal] = 
Columns 1 through 10

0.​0044 0.00​10 0​.0009​ 0.0​005 0 -0.0005 0.0011 -0.0009 0 0

0.0010 0.0041 0 0.0005 0.0006 -0.0002 0 0 0 0.0010

0.0009 0 0.0254 0 -0.0250 0 0.0009 -0.0004 0 0

0.0005 0.0005 0 0.0339 0 -0.0002 0 0 -0.0338 0

0 0.0006 -0.0250 0 0.0313 -0.0120 0 0 0 0.0006

-0.0005 -0.0002 0 -0.0002 -0.0120 0.0244 0 0 0 0.0003

0.0011 0 0.0009 0 0 0 0.0023 -0.0009 0 0

-0.0009 0 -0.0004 0 0 0 -0.0009 0.0004 0 0

0 0 0 -0.0338 0 0 0 0 0.0338 0

0 0.0010 0 0 0.0006 0.0003 0 0 0 0.0020

0 -0.0006 0 0 -0.0063 0.0120 0 0 0 -0.0006

0 -0.0003 0 0 0.0120 -0.0242 0 0 0 -0.0003

Columns 11 through 12

0 0
-0.0006 -0.0003

0 0
0 0

-0.0063 0.0120
0.0120 -0.0242

0 0
0 0
0 0

-0.0006 -0.0003
0.0063 -0.0120
-0.0120 0.0242

Unrestrained Stiffness sub-matrix, [Kuu] = 

0.​0044 0.00​10 0​.0009​ 0.0​005 0 -0.0005
0.0010 0.0041 0 0.0005 0.0006 -0.0002
0.0009 0 0.0254 0 -0.0250 0
0.0005 0.0005 0 0.0339 0 -0.0002

0 0.0006 -0.0250 0 0.0313 -0.0120
-0.0005 -0.0002 0 -0.0002 -0.0120 0.0244
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Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

1.0e+03 *
0.2640 -0.0469 -0.1617 -0.0037 -0.1554 -0.0710

-0.0469 0.2710 -0.1267 -0.0038 -0.1305 -0.0626
-0.1617 -0.1267 1.3763 0.0078 1.3543 0.6593
-0.0037 -0.0038 0.0078 0.0296 0.0078 0.0039
-0.1554 -0.1305 1.3543 0.0078 1.3721 0.6681
-0.0710 -0.0626 0.6593 0.0039 0.6681 0.3665

Joint Load vector, [Jl] = 

0 0 50 0 0 -100 0 0 0 0 0 0

Unrestrained displacements, [DelU] = 

1.0e+03 *
-0.9860 -0.0758 2.8829 -0.0025 0.8985 -3.6822

Member Number =  1
Global displacement matrix [DeltaBar] = 

1.0e+03 *
0 -0.9860 0 -0.0025 0 2.8829

Global End moment matrix [MBar] = 

1.3408 0.2167 0.0858 -0.0858 -0.3894 0.3894

Member Number =  2
Global displacement matrix [DeltaBar] = 

1.0e+03 *
-0.9860 -0.0758 -0.0025 -3.6822 2.8829 0.8985

Global End moment matrix [MBar] = 

-0.2167 0.7314 0.0858 -0.0858 49.6106 -49.6106

Member Number =	 3
Global displacement matrix [DeltaBar] = 

1.0e+03 *
-0.0758 0 -3.6822 0 0.8985 0

Global End moment matrix [MBar] = 

-0.7314 -0.6541 -99.9142 99.9142 49.6106 -49.6106

Joint forces = 

0.0000 -0.0000 50.0000 -0.0000 -0.0000
-100.0000 1.3408 -0.3894 0.0858 -0.6541 -49.6106 99.9142
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EXAMPLE 2.3:
Analyze the planar non-orthogonal structure shown in Figure 2.20 using the stiff-
ness method. 

Solution:
	 1.	Calculation of transformation matrix coefficients and global labels:

	 The unrestrained and restrained degrees-of-freedom are marked in the 
structure, similar to that of the orthogonal structure. The local axes sys-
tem for the members and the global axes system are also marked, as 
shown in Figure 2.21.

	 Unrestrained degrees-of-freedom: 6 (θ1, θ2, δ3, δ4, δ5, δ6) 
	 Restrained degrees-of-freedom: 6 (θ7, δ8, δ9, θ10, δ11, δ12) 
	 Thus, the size of the total stiffness matrix will be 12 × 12, in which 

the submatrix for the unrestrained degrees-of-freedom will be of size 
6 × 6.

Member 
Number

Ends

Length (m) θ (Degrees) Cx Cy Global Labelsj k

1 A B 4 90 0 1 (7,1,9,4,8,3)

2 B C 6 0 1 0 (1,2,4,6,3,5)

3 C D 5 −53.123 0.6 −0.8 (2,10,6,12,5,11)

FIGURE 2.20  Non-orthogonal structure example.
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	 2.	Calculation of the local stiffness matrix:
	 The stiffness matrix for the standard beam element, including the axial 

deformation, is given by,

	 K
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FIGURE 2.21  Degrees-of-freedom marked in local and global axes system.
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	 3.	Calculation of transformation matrix:
	 The transformation matrix for any member ‘i’ is given by,
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	 4.	Estimation of joint load vector:
	 The fixed end moments on the members are calculated as follows:
	 Member AB:
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	 The joint load vector is given by,
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	 Thus, the joint load vector in unrestrained degrees-of-freedom is given by,

JLu{ } =
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	 5.	Calculation of the global stiffness matrix:
	 The stiffness matrix of every member, with respect to the global axes 

system, is obtained by the following equation:
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	 6.	Calculation of end moments and shear:
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The member and final and moments are shown in Figures 2.22 and 2.23.

FIGURE 2.22  Member end moments and shear.
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MATLAB program:

%% stiffness matrix method
% Input
clc;
clear;
n = 3; % number of members
I = [2.28E-3 3.125E-3 2.28E-3]; %Moment of inertis in m4
L = [4 6 5]; % length in m
A = [0.135 0.15 0.135]; % Area in m2
theta= [90 0 -53.123]; % angle in degrees
uu = 6; % Number of unrestrained degrees of freedom
ur = 6; % Number of restrained degrees of freedom
uul = [1 2 3 4 5 6]; % global labels of unrestrained dof
url = [7 8 9 10 11 12]; % global labels of restrained dof
l1 = [7 1 9 4 8 3]; % Global labels for member 1 
l2 = [1 2 4 6 3 5]; % Global labels for member 2
l3 = [2 10 6 12 5 11]; % Global labels for member 3
l= [l1; l2; l3];
dof = uu + ur; % Degrees of freedom
Ktotal = zeros (dof);
Tt1 = zeros (6); % Transformation matrix for member 1
Tt2 = zeros (6); % Transformation matrix for member 2
Tt3 = zeros (6); % Transformation matrix for member 3
fem1= [40; -40; 60; 60; 0; 0]; % Local Fixed end moments of 
member 1
fem2= [88.89; -44.44; 66.67; 33.33; 0; 0]; % Local Fixed end 
moments of member 2

FIGURE 2.23  Final end moments and shear.
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fem3= [0; 0; 0; 0; 0; 0]; % Local Fixed end moments of member 3

%% rotation coefficients for each member
rc1 = 4.*I./L;
rc2 = 2.*I./L;
rc3 = A./L;
cx = cosd(theta);
cy = sind(theta);

%% stiffness matrix 6 by 6
for i = 1:n
          Knew = zeros (dof);
          k1 = [rc1(i); rc2(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0];
          k2 = [rc2(i); rc1(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0;];
          k3 = [(rc1(i)+rc2(i))/L(i); (rc1(i)+rc2(i))/L(i); 
(2*(rc1(i)+rc2(i))/(L(i)^2)); (-2*(rc1(i)+rc2(i))/(L(i)^2)); 
0; 0;];
          k4 = -k3;
          k5 = [0; 0; 0; 0; rc3(i); -rc3(i)];
          k6 = [0; 0; 0; 0; -rc3(i); rc3(i)];
          K = [k1 k2 k3 k4 k5 k6];
          fprintf ('Member Number =');
          disp (i);
          fprintf ('Local Stiffness matrix of member, [K] = 
\n');
          disp (K);
          T1 = [1; 0; 0; 0; 0; 0];
          T2 = [0; 1; 0; 0; 0; 0];
          T3 = [0; 0; cx(i); 0; cy(i); 0];
          T4 = [0; 0; 0; cx(i); 0; cy(i)];
          T5 = [0; 0; -cy(i); 0; cx(i); 0];
          T6 = [0; 0; 0; -cy(i); 0; cx(i)];
          T = [T1 T2 T3 T4 T5 T6];
          fprintf ('Tranformation matrix of member, [T] = \n');
          disp (T);
          Ttr = T';
          fprintf ('Tranformation matrix Transpose, [T] = \n');
          disp (Ttr);
          Kg = Ttr*K*T;
          fprintf ('Global Matrix, [K global] = \n');
          disp (Kg);
          for p = 1:6
              for q = 1:6
                  Knew((l(i,p)),(l(i,q))) =Kg(p,q);
               end
          end
          Ktotal = Ktotal + Knew;
          if i == 1
              Tt1= T;
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              Kg1=Kg;
              fembar1= Tt1'*fem1;
          elseif i == 2
              Tt2 = T;
              Kg2 = Kg;
              fembar2= Tt2'*fem2;
          else
              Tt3 = T;
              Kg3=Kg;
              fembar3= Tt3'*fem3;
          end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(6);
for x=1:uu
          for y=1:uu
              Kunr(x,y)= Ktotal(x,y); 
          end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [-48.89; 44.44; 60; -66.67; 0; -33.333; -40; 60; 0; 0; 0; 
0]; % values given in kN or kNm
jlu = jl(1:uu,1); % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros (ur,1);
del = zeros (dof,1);
del = [delu; delr];
deli= zeros (6,1);
for i = 1:n
      for p = 1:6
          deli(p,1) = del((l(i,p)),1) ;
      end
      if i == 1
              delbar1 = deli;
              mbar1= (Kg1 * delbar1)+fembar1;
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar1');
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              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar1');
          elseif i == 2
              delbar2 = deli;
              mbar2= (Kg2 * delbar2)+fembar2;
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar2');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar2');
          else 
              delbar3 = deli;
              mbar3= (Kg3 * delbar3)+fembar3;
              fprintf ('Member Number =');
              disp (i);
              fprintf ('Global displacement matrix [DeltaBar] = \n');
              disp (delbar3');
              fprintf ('Global End moment matrix [MBar] = \n');
              disp (mbar3');
      end
end

%% check
mbar = [mbar1'; mbar2'; mbar3'];
jf = zeros(dof,1);
for a=1:n 
      for b=1:6 % size of k matrix
          d = l(a,b);
          jfnew = zeros(dof,1);
          jfnew(d,1)=mbar(a,b);
          jf=jf+jfnew;
      end
end
fprintf ('Joint forces = \n');
disp (jf');

MATLAB output:

Member Number =  1
Local Stiffness matrix of member, [K] = 

0.0023 0.0011 0.0009 -0.0009 0 0
0.0011 0.0023 0.0009 -0.0009 0 0
0.0009 0.0009 0.0004 -0.0004 0 0

-0.0009 -0.0009 -0.0004 0.0004 0 0
0 0 0 0 0.0338 -0.0338
0 0 0 0 -0.0338 0.0338
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Tranformation matrix of member, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 -1 0
0 0 0 0 0 -1
0 0 1 0 0 0
0 0 0 1 0 0

Tranformation matrix Transpose, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 -1 0 0 0
0 0 0 -1 0 0

Global Matrix, [K global] = 

0.0023 0.0011 0 0 -0.0009 0.0009
0.0011 0.0023 0 0 -0.0009 0.0009

0 0 0.0338 -0.0338 0 0
0 0 -0.0338 0.0338 0 0

-0.0009 -0.0009 0 0 0.0004 -0.0004
0.0009 0.0009 0 0 -0.0004 0.0004

Member Number =  2
Local Stiffness matrix of member, [K] = 

0.0021 0.0010 0.0005 -0.0005 0 0
0.0010 0.0021 0.0005 -0.0005 0 0
0.0005 0.0005 0.0002 -0.0002 0 0

-0.0005 -0.0005 -0.0002 0.0002 0 0
0 0 0 0 0.0250 -0.0250
0 0 0 0 -0.0250 0.0250

Tranformation matrix of member, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
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Tranformation matrix Transpose, [T] = 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

Global Matrix, [K global] = 

0.0021 0.0010 0.0005 -0.0005 0 0
0.0010 0.0021 0.0005 -0.0005 0 0
0.0005 0.0005 0.0002 -0.0002 0 0

-0.0005 -0.0005 -0.0002 0.0002 0 0
0 0 0 0 0.0250 -0.0250
0 0 0 0 -0.0250 0.0250

Member Number =	 3
Local Stiffness matrix of member, [K] = 

0.0018 0.0009 0.0005 -0.0005 0 0
0.0009 0.0018 0.0005 -0.0005 0 0
0.0005 0.0005 0.0002 -0.0002 0 0

-0.0005 -0.0005 -0.0002 0.0002 0 0
0 0 0 0 0.0270 -0.0270
0 0 0 0 -0.0270 0.0270

Tranformation matrix of member, [T] = 

1.0000 0 0 0 0 0
0 1.0000 0 0 0 0
0 0 0.6001 0 0.7999 0
0 0 0 0.6001 0 0.7999
0 0 -0.7999 0 0.6001 0
0 0 0 -0.7999 0 0.6001

Tranformation matrix Transpose, [T] = 

1.0000 0 0 0 0 0
0 1.0000 0 0 0 0
0 0 0.6001 0 -0.7999 0
0 0 0 0.6001 0 -0.7999
0 0 0.7999 0 0.6001 0
0 0 0 0.7999 0 0.6001
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Global Matrix, [K global] = 

0.0018 0.0009 0.0003 -0.0003 0.0004 -0.0004
0.0009 0.0018 0.0003 -0.0003 0.0004 -0.0004
0.0003 0.0003 0.0174 -0.0174 -0.0129 0.0129

-0.0003 -0.0003 -0.0174 0.0174 0.0129 -0.0129
0.0004 0.0004 -0.0129 0.0129 0.0099 -0.0099

-0.0004 -0.0004 0.0129 -0.0129 -0.0099 0.0099

Stiffness Matrix of complete structure, [Ktotal] = 
Columns 1 through 10

0.​0044 0.00​10 0​.0009​ 0.0​005 0 -0.0005 0.0011 -0.0009 0 0

0.0010 0.0039 0 0.0005 0.0004 -0.0002 0 0 0 0.0009

0.0009 0 0.0254 0 -0.0250 0 0.0009 -0.0004 0 0

0.0005 0.0005 0 0.0339 0 -0.0002 0 0 -0.0338 0

0 0.0004 -0.0250 0 0.0349 -0.0129 0 0 0 0.0004

-0.0005 -0.0002 0 -0.0002 -0.0129 0.0175 0 0 0 0.0003

0.0011 0 0.0009 0 0 0 0.0023 -0.0009 0 0

-0.0009 0 -0.0004 0 0 0 -0.0009 0.0004 0 0

0 0 0 -0.0338 0 0 0 0 0.0338 0

0 0.0009 0 0 0.0004 0.0003 0 0 0 0.0018

0 -0.0004 0 0 -0.0099 0.0129 0 0 0 -0.0004

0 -0.0003 0 0 0.0129 -0.0174 0 0 0 -0.0003

Columns 11 through 12

0 0
-0.0004 -0.0003

0 0
0 0

-0.0099 0.0129
0.0129 -0.0174

0 0
0 0
0 0

-0.0004 -0.0003
0.0099 -0.0129
-0.0129 0.0174

Unrestrained Stiffness sub-matrix, [Kuu] = 

0.​0044 0.00​10 0​.0009​ 0.0​005 0 -0.0005
0.0010 0.0039 0 0.0005 0.0004 -0.0002
0.0009 0 0.0254 0 -0.0250 0
0.0005 0.0005 0 0.0339 0 -0.0002

0 0.0004 -0.0250 0 0.0349 -0.0129
-0.0005 -0.0002 0 -0.0002 -0.0129 0.0175
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Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

1.0e+03 *
0.2587 -0.0592 -0.1255 -0.0035 -0.1188 -0.0801

-0.0592 0.2772 -0.0618 -0.0036 -0.0649 -0.0464
-0.1255 -0.0618 1.2623 0.0075 1.2396 0.9048
-0.0035 -0.0036 0.0075 0.0296 0.0075 0.0057
-0.1188 -0.0649 1.2396 0.0075 1.2567 0.9175
-0.0801 -0.0464 0.9048 0.0057 0.9175 0.7271

Joint Load vector, [Jl] = 

-48.8900 44.4400 60.0000 -66.6700 0 -33.3330
-40.0000 60.0000 0 0 0 0

Unrestrained displacements, [DelU] = 

1.0e+04 *
-1.9906 1.3283 4.8465 -0.1702 4.6213 3.1529

Member Number =	 1
Global displacement matrix [DeltaBar] = 

1.0e+04 *
0 -1.9906 0 -0.1702 0 4.8465

Global End moment matrix [MBar] = 

58.7450 -43.9479 57.4513 -57.4513 -63.6993 -56.3007

Member Number =	 2
Global displacement matrix [DeltaBar] = 

1.0e+04 *
-1.9906 1.3283 -0.1702 3.1529 4.8465 4.6213

Global End moment matrix [MBar] = 

43.9479 -54.8100 57.4513 42.5487 56.3007 -56.3007

Member Number =	 3
Global displacement matrix [DeltaBar] = 

1.0e+04 *
1.3283 0 3.1529 0 4.6213 0

Global End moment matrix [MBar] = 

54.8100 42.6958 -42.5517 42.5517 56.3007 -56.3007

Joint forces = 

0.0000 0.0000 -0.0000 -0.0000 0.0000 -0.0030
58.7450 -63.6993 57.4513 42.6958 -56.3007 42.5517
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3 Planar Truss Structures

3.1 � PLANAR TRUSS SYSTEM

In a truss system, joints are assumed to be pinned, which means that there is no 
moment transfer. Therefore, they can only resist the axial force and axial deforma-
tion. Thus, at every node or joint in a truss system, there are only two possible inde-
pendent components of joint translation with respect to the reference axes system. 
Similarly, in the local axes system, each joint can have only two joint translation. 
Thus, there is no rotations at the ends.

3.1.1 �T ransformation Matrix

The following Figure 3.1 explains the transformation between the local and global 
axes. Consider a truss member inclined to an arbitrary angle of θ. This angle should 
always be measured with respect to the global axes (X-Y). There will be independent 
translations happening along X and Y directions.

We also know that,

Cx = cos θ, Cy = sin θ.

In order to convert the local responses with respect to the reference axes responses, 
the transformation matrix can be written as follows:
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Planar Truss Structures

3.1.2 � Stiffness Matrix

Now, the standard stiffness matrix of the truss element without end rotations is sim-
ply given as follows:
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Now, the global stiffness matrix of the truss member can be obtained using the fol-
lowing equation:
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The responses of the truss member in the reference axes system is given by,
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Hence, the planar truss problem is much simpler than the orthogonal and non-
orthogonal structures problem.

FIGURE 3.1  Transformation between local and global axes.



125Planar Truss Structures﻿

Example problems with computer program

EXAMPLE 3.1:

Analyze the planar truss system shown in Figure 3.2 using the stiffness method. E 
is constant for all the members.

Solution:
	 1.	Marking restrained and unrestrained degrees-of-freedom:

	 Unrestrained degrees-of-freedom = 4 (δ1, δ2, δ3, δ4) 
	 Restrained degrees-of-freedom = 4 (δ5, δ6, δ7, δ8) 
	 The global axes system and the local axes for every member should be 

marked to find θ.
	 The unrestrained and restrained degrees-of-freedom are marked. The 

local and global axes system are also shown in Figure 3.3.

Member

Ends

Length (m)
θ 

(degrees) Cx Cy

Global 
Labelsj k

AB A B 4 90 0 1 (6,2,5,1)

BC B C 4 0 1 0 (2,4,1,3)

CD C D 4 90 0 1 (8,4,7,3)

BD B D 5.646 −45 0.707 −0.707 (2,8,1,7)

AC A C 5.646 45 0.707 −0.707 (6,4,5,3)

	 2.	Calculation of local stiffness matrix:

	 The local stiffness matrix for the truss element is given by,
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FIGURE 3.3  Marking degrees-of-freedom.

FIGURE 3.2  Truss example.
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	 3.	Calculation of transformation matrix:
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	 4.	Calculation of the global stiffness matrix:
	 The global stiffness matrix of all the members are calculated by using the 

following relationship:
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	 The total stiffness matrix is obtained by assembling the global stiffness 
matrices of all members with respect to the global labels. From the total 
stiffness matrix, the stiffness matrix for the unrestrained degrees-of-free-
dom can be partitioned.
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	 5.	Estimation of joint load vectors:
	 The joint load vector can be written as follows:
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	 The joint load vector in unrestrained degrees-of-freedom can be parti-
tioned from the previous matrix as follows:
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	 6.	Calculation of member forces:
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	 The member and find end forces are shown in Figures 3.4 and 3.5.

FIGURE 3.4  Member end forces.
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MATLAB® program:

%% stiffness matrix method for planar truss
% Input
clc;
clear;
n = 5; % number of members
L = [4 4 4 5.646 5.646]; % length in m
A = [5E-3 4E-3 5E-3 6E-3 6E-3]; % Area in m2
theta= [90 0 90 -45 45]; % angle in degrees
uu = 4; % Number of unrestrained degrees-of-freedom
ur = 4; % Number of restrained degrees-of-freedom
uul = [1 2 3 4]; % global labels of unrestrained dof
url = [5 6 7 8]; % global labels of restrained dof
l1 = [6 2 5 1]; % Global labels for member 1 
l2 = [2 4 1 3]; % Global labels for member 2
l3 = [8 4 7 3]; % Global labels for member 3
l4 = [2 8 1 7]; % Global labels for member 4
l5 = [6 4 5 3]; % Global labels for member 5
l= [l1; l2; l3; l4; l5];
dof = uu + ur; % Degrees-of-freedom
Ktotal = zeros (dof);
Tt1 = zeros (4); % Transformation matrix for member 1
Tt2 = zeros (4); % Transformation matrix for member 2
Tt3 = zeros (4); % Transformation matrix for member 3
Tt4 = zeros (4); % Transformation matrix for member 4
Tt5 = zeros (4); % Transformation matrix for member 5
fem1= [0; 0; 0; 0]; % Local Fixed end forces of member 1
fem2= [0; 0; 0; 0]; % Local Fixed end forces of member 2
fem3= [0; 0; 0; 0]; % Local Fixed end forces of member 3

FIGURE 3.5  Final end forces.



131Planar Truss Structures﻿

fem4= [0; 0; 0; 0]; % Local Fixed end forces of member 4
fem5= [0; 0; 0; 0]; % Local Fixed end forces of member 5

%% rotation coefficients for each member
rc = A./L;
cx = cosd(theta);
cy = sind(theta);

%% stiffness matrix 4 by 4
for i = 1:n
        Knew = zeros (dof);
        k1 = [0; 0; 0; 0];
        k2 = [0; 0; 0; 0];
        k3 = [0; 0; rc(i); -rc(i)];
        k4 = -k3;
        K = [k1 k2 k3 k4];
        fprintf ('Member Number =');
        disp (i);
        fprintf ('Local Stiffness matrix of member, [K] = \n');
        disp (K);
        T1 = [cx(i); 0; cy(i); 0];
        T2 = [0; cx(i); 0; cy(i)];
        T3 = [-cy(i); 0; cx(i); 0];
        T4 = [0; -cy(i); 0; cx(i)];
        T = [T1 T2 T3 T4];
        fprintf ('Tranformation matrix of member, [T] = \n');
        disp (T);
        Ttr = T';
        fprintf ('Tranformation matrix Transpose, [T] = \n');
        disp (Ttr);
        Kg = Ttr*K*T;
        fprintf ('Global Matrix, [K global] = \n');
        disp (Kg);
        for p = 1:4
            for q = 1:4
                Knew((l(i,p)),(l(i,q))) =Kg(p,q);
            end
        end
        Ktotal = Ktotal + Knew;
        if i == 1
            Tt1= T;
            Kg1=Kg;
            fembar1= Tt1'*fem1;
        elseif i == 2
            Tt2 = T;
            Kg2 = Kg;
            fembar2= Tt2'*fem2;
        elseif i == 3
            Tt3 = T;
            Kg3 = Kg;
            fembar3= Tt3'*fem3;
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         elseif i == 4
            Tt4 = T;
            Kg4 = Kg;
            fembar4= Tt4'*fem4;
        else 
            Tt5 = T;
            Kg5=Kg;
            fembar5= Tt5'*fem5;
        end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(uu);
for x=1:uu
    for y=1:uu
        Kunr(x,y)= Ktotal(x,y);      
    end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [40; 0; 0; -20; 0; 0; 0; 0]; % values given in kN
jlu = [40; 0; 0; -20]; % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros(ur,1);
del = zeros (dof,1);
del = [delu; delr];
deli= zeros (4,1);
for i = 1:n
    for p = 1:4
        deli(p,1) = del((l(i,p)),1) ;
    end
    if i == 1
            delbar1 = deli;
            mbar1= (Kg1 * delbar1)+fembar1;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar1');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar1');
        elseif i == 2
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            delbar2 = deli;
            mbar2= (Kg2 * delbar2)+fembar2;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar2');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar2');
        elseif i ==3 
            delbar3 = deli;
            mbar3= (Kg3 * delbar3)+fembar3;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar3');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar3');
        elseif i == 4
            delbar4 = deli;
            mbar4= (Kg4 * delbar4)+fembar4;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar4');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar4');
        else
            delbar5 = deli;
            mbar5= (Kg5 * delbar5)+fembar5;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar5');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar5');
     end
end

%% check
mbar = [mbar1'; mbar2'; mbar3'; mbar4'; mbar5'];
jf = zeros(dof,1);
for a=1:n 
    for b=1:4 % size of k matrix
        d = l(a,b);
        jfnew = zeros(dof,1);
        jfnew(d,1)=mbar(a,b);
        jf=jf+jfnew;
    end
end
fprintf ('Joint forces = \n');
disp (jf');
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MATLAB® output:

Member Number = 1
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Transformation matrix of member, [T] = 

0 0 -1 0
0 0 0 -1
1 0 0 0
0 1 0 0

Transformation matrix Transpose, [T] = 

0 0 1 0
0 0 0 1

-1 0 0 0
0 -1 0 0

Global Matrix, [K global] = 

0.0013 -0.0013 0 0
-0.0013 0.0013 0 0

0 0 0 0
0 0 0 0

Member Number =  2
Local Stiffness matrix of member, [K] = 

1.0e-03 *
0 0 0 0
0 0 0 0
0 0 1.0000 -1.0000
0 0 -1.0000 1.0000

Transformation matrix of member, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Transformation matrix Transpose, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
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Global Matrix, [K global] = 

1.0e-03 *
0 0 0 0
0 0 0 0
0 0 1.0000 -1.0000
0 0 -1.0000 1.0000

Member Number =  3
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Transformation matrix of member, [T] = 

0 0 -1 0
0 0 0 -1
1 0 0 0
0 1 0 0

Transformation matrix Transpose, [T] = 

0 0 1 0
0 0 0 1

-1 0 0 0
0 -1 0 0

Global Matrix, [K global] = 

0.0013 -0.0013 0 0
-0.0013 0.0013 0 0

0 0 0 0
0 0 0 0

Member Number =  4
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0011 -0.0011
0 0 -0.0011 0.0011

Transformation matrix of member, [T] = 

0.7071 0 0.7071 0
0 0.7071 0 0.7071

-0.7071 0 0.7071 0
0 -0.7071 0 0.7071
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Transformation matrix Transpose, [T] = 

0.7071 0 -0.7071 0
0 0.7071 0 -0.7071

0.7071 0 0.7071 0
0 0.7071 0 0.7071

Global Matrix, [K global] = 

1.0e-03 *
0.5313 -0.5313 -0.5313 0.5313

-0.5313 0.5313 0.5313 -0.5313
-0.5313 0.5313 0.5313 -0.5313
0.5313 -0.5313 -0.5313 0.5313

Member Number =  5
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0011 -0.0011
0 0 -0.0011 0.0011

Transformation matrix of member, [T] = 

0.7071 0 -0.7071 0
0 0.7071 0 -0.7071

0.7071 0 0.7071 0
0 0.7071 0 0.7071

Transformation matrix Transpose, [T] = 

0.7071 0 0.7071 0
0 0.7071 0 0.7071

-0.7071 0 0.7071 0
0 -0.7071 0 0.7071

Global Matrix, [K global] = 

1.0e-03 *
0.5313 -0.5313 0.5313 -0.5313

-0.5313 0.5313 -0.5313 0.5313
0.5313 -0.5313 0.5313 -0.5313

-0.5313 0.5313 -0.5313 0.5313

Stiffness Matrix of complete structure, [Ktotal] = 

0.0015 -0.0005 -0.0010 0 0 0 -0.0005 0.0005
-0.0005 0.0018 0 0 0 -0.0013 0.0005 -0.0005
-0.0010 0 0.0015 0.0005 -0.0005 -0.0005 0 0

0 0 0.0005 0.0018 -0.0005 -0.0005 0 -0.0013
0 0 -0.0005 -0.0005 0.0005 0.0005 0 0
0 -0.0013 -0.0005 -0.0005 0.0005 0.0018 0 0

-0.0005 0.0005 0 0 0 0 0.0005 -0.0005
0.0005 -0.0005 0 -0.0013 0 0 -0.0005 0.0018
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Unrestrained Stiffness sub-matrix, [Kuu] = 

0.0015 -0.0005 -0.0010 0
-0.0005 0.0018 0 0
-0.0010 0 0.0015 0.0005

0 0 0.0005 0.0018

Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

1.0e+03 *
1.5517 0.4629 1.1303 -0.3371
0.4629 0.6994 0.3371 -0.1006
1.1303 0.3371 1.5517 -0.4629

-0.3371 -0.1006 -0.4629 0.6994

Joint Load vector, [Jl] = 

40 0 0 -20 0 0 0 0

Unrestrained displacements, [DelU] = 

1.0e+04 *
6.8812 2.0525 5.4468 -2.7475

Member Number =  1
Global displacement matrix [DeltaBar] = 

1.0e+04 *
0 2.0525 0 6.8812

Global End moment matrix [MBar] = 

-25.6568 25.6568 0 0

Member Number =  2
Global displacement matrix [DeltaBar] = 

1.0e+04 *
2.0525 -2.7475 6.8812 5.4468

Global End moment matrix [MBar] = 

0 0 14.3432 -14.3432

Member Number =  3
Global displacement matrix [DeltaBar] = 

1.0e+04 *
0 -2.7475 0 5.4468

Global End moment matrix [MBar] = 

34.3432 -34.3432 0 0
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Member Number =  4
Global displacement matrix [DeltaBar] = 

1.0e+04 *
2.0525 0 6.8812 0

Global End moment matrix [MBar] = 

-25.6568 25.6568 25.6568 -25.6568

Member Number =  5
Global displacement matrix [DeltaBar] = 

1.0e+04 *
0 -2.7475 0 5.4468

Global End moment matrix [MBar] = 

-14.3432 14.3432 -14.3432 14.3432

Joint forces = 

40.0000 0.0000 -0.00​00 -2​0.000​0 -14​.3432​-40.​0000 ​-25.6​568 60.0000

EXAMPLE 3.2:

Analyze the planar truss system shown in Figure 3.6 using the stiffness method. E 
is constant for all the members.

Solution:
	 1.	Marking restrained and unrestrained degrees-of-freedom:

	 Unrestrained degrees-of-freedom = 4 (δ1, δ2, δ3, δ4, δ5, δ6, δ7, δ8) 
	 Restrained degrees-of-freedom = 4 (δ9, δ10, δ11, δ12) 

FIGURE 3.6  Truss example.
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	 The unrestrained and restrained degrees-of-freedom are marked in the 
truss, as shown in Figure 3.7.

Member

Ends
Length 

(m)
θ 

(degrees) Cx Cy

Global 
Labelsj k

AB A B 3 90 0 1 (10,2,9,1)

BC B C 3 0 1 0 (2,4,1,3)
CD C D 3 0 1 0 (4,6,3,5)
DE E D 3 90 0 1 (12,6,11,5)
AF A F 3 0 1 0 (10,8,9,7)
FE F E 3 0 1 0 (8,12,7,11)
BF B F 4.242 −45 0.707 −0.707 (2,8,1,7)
CF C F 3 +90 0 1 (8,4,7,3)

DF D F 4.242 −135 −0.707 0.707 (6,8,5,7)

	 2.	Calculation of the local stiffness matrix:

	 The local stiffness matrix for the truss element is given by,
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FIGURE 3.7  Marking restrained and unrestrained degrees-of-freedom.
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	 3.	Calculation of transformation matrix:
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	 4.	Calculation of the global stiffness matrix:
	 The global stiffness matrix of all the members are calculated by using the 

following relationship:
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	 The total stiffness matrix is obtained by assembling the global stiffness 
matrices of all members with respect to the global labels.

	 From the total stiffness matrix, the stiffness matrix for the unrestrained 
degrees-of-freedom can be partitioned.
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	 5.	Estimation of joint load vectors:

	 The joint load vector can be written as follows:
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	 The joint load vector in unrestrained degrees-of-freedom can be parti-
tioned from the previous matrix as follows:
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	 6.	Calculation of member forces:
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FIGURE 3.8  Member end forces.

FIGURE 3.9  Final end forces.



145Planar Truss Structures﻿

	 M

V

V

H

H

M

V

BF CF=

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

=
-
-

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

=

2

8

1

7

825

25

25

25

,
VV

H

H

M

V

V

H

H

DF
4

7

3

6

8

5

7

70

70

0

0

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

=
-
ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

=

ì

í,
ïï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

=
-

-

ì

í
ï
ï

î
ï
ï

ü

ý
ï
ï

þ
ï
ï

45

45

45

45

	

	 The member end forces and final end forces are given in Figures 3.8 and 3.9 
respectively.

MATLAB program:

%% stiffness matrix method for planar truss
% Input
clc;
clear;
n = 9; % number of members
L = [3 3 3 3 3 3 4.242 3 4.242]; % length in m
A = [5E-3 4E-3 4E-3 5E-3 4E-3 4E-3 6E-3 5E-3 6E-3]; % Area in m2
theta= [90 0 0 90 0 0 -45 90 -135]; % angle in degrees
uu = 8; % Number of unrestrained degrees-of-freedom
ur = 4; % Number of restrained degrees-of-freedom
uul = [1 2 3 4 5 6 7 8]; % global labels of unrestrained dof
url = [9 10 11 12]; % global labels of restrained dof
l1 = [10 2 9 1]; % Global labels for member 1 
l2 = [2 4 1 3]; % Global labels for member 2
l3 = [4 6 3 5]; % Global labels for member 3
l4 = [12 6 11 5]; % Global labels for member 4
l5 = [10 8 9 7]; % Global labels for member 5
l6 = [8 12 7 11]; % Global labels for member 6
l7 = [2 8 1 7]; % Global labels for member 7
l8 = [8 4 7 3]; % Global labels for member 8
l9 = [6 8 5 7]; % Global labels for member 9
l= [l1; l2; l3; l4; l5; l6; l7; l8; l9];
dof = uu + ur; % Degrees-of-freedom
Ktotal = zeros (dof);
Tt1 = zeros (4); % Transformation matrix for member 1
Tt2 = zeros (4); % Transformation matrix for member 2
Tt3 = zeros (4); % Transformation matrix for member 3
Tt4 = zeros (4); % Transformation matrix for member 4
Tt5 = zeros (4); % Transformation matrix for member 5
Tt6 = zeros (4); % Transformation matrix for member 6
Tt7 = zeros (4); % Transformation matrix for member 7
Tt8 = zeros (4); % Transformation matrix for member 8
Tt9 = zeros (4); % Transformation matrix for member 9
fem1= [0; 0; 0; 0]; % Local Fixed end forces of member 1
fem2= [0; 0; 0; 0]; % Local Fixed end forces of member 2
fem3= [0; 0; 0; 0]; % Local Fixed end forces of member 3
fem4= [0; 0; 0; 0]; % Local Fixed end forces of member 4
fem5= [0; 0; 0; 0]; % Local Fixed end forces of member 5
fem6= [0; 0; 0; 0]; % Local Fixed end forces of member 6
fem7= [0; 0; 0; 0]; % Local Fixed end forces of member 7
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fem8= [0; 0; 0; 0]; % Local Fixed end forces of member 8
fem9= [0; 0; 0; 0]; % Local Fixed end forces of member 9

%% rotation coefficients for each member
rc = A./L;
cx = cosd(theta);
cy = sind(theta);

%% stiffness matrix 4 by 4
for i = 1:n
        Knew = zeros (dof);
        k1 = [0; 0; 0; 0];
        k2 = [0; 0; 0; 0];
        k3 = [0; 0; rc(i); -rc(i)];
        k4 = -k3;
        K = [k1 k2 k3 k4];
        fprintf ('Member Number =');
        disp (i);
        fprintf ('Local Stiffness matrix of member, [K] = \n');
        disp (K);
        T1 = [cx(i); 0; cy(i); 0];
        T2 = [0; cx(i); 0; cy(i)];
        T3 = [-cy(i); 0; cx(i); 0];
        T4 = [0; -cy(i); 0; cx(i)];
        T = [T1 T2 T3 T4];
        fprintf ('Transformation matrix of member, [T] = \n');
        disp (T);
        Ttr = T';
        fprintf ('Transformation matrix Transpose, [T] = \n');
        disp (Ttr);
        Kg = Ttr*K*T;
        fprintf ('Global Matrix, [K global] = \n');
        disp (Kg);
        for p = 1:4
            for q = 1:4
                Knew((l(i,p)),(l(i,q))) =Kg(p,q);
            end
        end
        Ktotal = Ktotal + Knew;
        if i == 1
            Tt1= T;
            Kg1=Kg;
            fembar1= Tt1'*fem1;
        elseif i == 2
            Tt2 = T;
            Kg2 = Kg;
            fembar2= Tt2'*fem2;
        elseif i == 3
            Tt3 = T;
            Kg3 = Kg;
            fembar3= Tt3'*fem3;
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         elseif i == 4
            Tt4 = T;
            Kg4 = Kg;
            fembar4= Tt4'*fem4;
         elseif i == 5
            Tt5 = T;
            Kg5 = Kg;
            fembar5= Tt5'*fem5;
         elseif i == 6
            Tt6 = T;
            Kg6 = Kg;
            fembar6= Tt6'*fem6;
         elseif i == 7
            Tt7 = T;
            Kg7 = Kg;
            fembar7= Tt7'*fem7;
         elseif i == 8
            Tt8 = T;
            Kg8 = Kg;
            fembar8= Tt8'*fem8;
         else 
            Tt9 = T;
            Kg9=Kg;
            fembar9= Tt9'*fem9;
        end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(uu);
for x=1:uu
    for y=1:uu
        Kunr(x,y)= Ktotal(x,y);      
    end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [20; 0; 0; -70; 0; 0; 0; 0; 0; 0; 0; 0]; % values given in kN
jlu = [20; 0; 0; -70; 0; 0; 0; 0]; % load vector in 
unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = zeros(ur,1);
del = zeros (dof,1);
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del = [delu; delr];
deli= zeros (4,1);
for i = 1:n
    for p = 1:4
        deli(p,1) = del((l(i,p)),1) ;
    end
    if i == 1
            delbar1 = deli;
            mbar1= (Kg1 * delbar1)+fembar1;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar1');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar1');
        elseif i == 2
            delbar2 = deli;
            mbar2= (Kg2 * delbar2)+fembar2;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar2');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar2');
        elseif i ==3 
            delbar3 = deli;
            mbar3= (Kg3 * delbar3)+fembar3;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar3');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar3');
        elseif i == 4
            delbar4 = deli;
            mbar4= (Kg4 * delbar4)+fembar4;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar4');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar4');
        elseif i ==5 
            delbar5 = deli;
            mbar5= (Kg5 * delbar5)+fembar5;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar5');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar5');
        elseif i ==6 
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            delbar6 = deli;
            mbar6= (Kg6 * delbar6)+fembar6;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar6');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar6');
        elseif i ==7 
            delbar7 = deli;
            mbar7= (Kg7 * delbar7)+fembar7;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar7');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar7');
        elseif i ==8 
            delbar8 = deli;
            mbar8= (Kg8 * delbar8)+fembar8;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar8');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar8');
        else
            delbar9 = deli;
            mbar9= (Kg9 * delbar9)+fembar9;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar9');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar9');
     end
end

%% check
mbar = [mbar1'; mbar2'; mbar3'; mbar4'; mbar5'; mbar6'; 
mbar7'; mbar8'; mbar9'];
jf = zeros(dof,1);
for a=1:n 
    for b=1:4 % size of k matrix
        d = l(a,b);
        jfnew = zeros(dof,1);
        jfnew(d,1)=mbar(a,b);
        jf=jf+jfnew;
    end
end
fprintf ('Joint forces = \n');
disp (jf');



150 ﻿Advanced Structural Analysis with MATLAB®

MATLAB output:

Member Number = 1
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0017 -0.0017
0 0 -0.0017 0.0017

Transformation matrix of member, [T] = 

0 0 -1 0
0 0 0 -1
1 0 0 0
0 1 0 0

Transformation matrix Transpose, [T] = 

0 0 1 0
0 0 0 1

-1 0 0 0
0 -1 0 0

Global Matrix, [K global] = 

0.0017 -0.0017 0 0
-0.0017 0.0017 0 0

0 0 0 0
0 0 0 0

Member Number = 2
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Transformation matrix of member, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Transformation matrix Transpose, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
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Global Matrix, [K global] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Member Number = 3
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Transformation matrix of member, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Transformation matrix Transpose, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Global Matrix, [K global] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Member Number = 4
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0017 -0.0017
0 0 -0.0017 0.0017

Transformation matrix of member, [T] = 

0 0 -1 0
0 0 0 -1
1 0 0 0
0 1 0 0
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Transformation matrix Transpose, [T] = 

0 0 1 0
0 0 0 1
-1 0 0 0
0 -1 0 0

Global Matrix, [K global] = 

0.0017 -0.0017 0 0
-0.0017 0.0017 0 0

0 0 0 0
0 0 0 0

Member Number = 5
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Transformation matrix of member, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Transformation matrix Transpose, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Global Matrix, [K global] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Member Number =	 6
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013
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Transformation matrix of member, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Transformation matrix Transpose, [T] = 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Global Matrix, [K global] = 

0 0 0 0
0 0 0 0
0 0 0.0013 -0.0013
0 0 -0.0013 0.0013

Member Number = 7
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0014 -0.0014
0 0 -0.0014 0.0014

Transformation matrix of member, [T] = 

0.7071 0 0.7071 0
0 0.7071 0 0.7071

-0.7071 0 0.7071 0
0 -0.7071 0 0.7071

Transformation matrix Transpose, [T] = 

0.7071 0 -0.7071 0
0 0.7071 0 -0.7071

0.7071 0 0.7071 0
0 0.7071 0 0.7071

Global Matrix, [K global] = 

1.0e-03 *
0.7072 -0.7072 -0.7072 0.7072

-0.7072 0.7072 0.7072 -0.7072
-0.7072 0.7072 0.7072 -0.7072
0.7072 -0.7072 -0.7072 0.7072
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Member Number = 8
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0017 -0.0017
0 0 -0.0017 0.0017

Transformation matrix of member, [T] = 

0 0 -1 0
0 0 0 -1
1 0 0 0
0 1 0 0

Transformation matrix Transpose, [T] = 

0 0 1 0
0 0 0 1

-1 0 0 0
0 -1 0 0

Global Matrix, [K global] = 

0.0017 -0.0017 0 0
-0.0017 0.0017 0 0

0 0 0 0
0 0 0 0

Member Number = 9
Local Stiffness matrix of member, [K] = 

0 0 0 0
0 0 0 0
0 0 0.0014 -0.0014
0 0 -0.0014 0.0014

Transformation matrix of member, [T] = 

-0.7071 0 0.7071 0
0 -0.7071 0 0.7071

-0.7071 0 -0.7071 0
0 -0.7071 0 -0.7071

Transformation matrix Transpose, [T] = 

-0.7071 0 -0.7071 0
0 -0.7071 0 -0.7071

0.7071 0 -0.7071 0
0 0.7071 0 -0.7071
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Global Matrix, [K global] = 

1.0e-03 *
0.7072 -0.7072 0.7072 -0.7072

-0.7072 0.7072 -0.7072 0.7072
0.7072 -0.7072 0.7072 -0.7072

-0.7072 0.7072 -0.7072 0.7072

Stiffness Matrix of complete structure, [Ktotal] = 
Columns 1 through 9

0.0020 -0.0007 -0.0013 0 0 0 -0.0007 0.0007 0

-0.0007 0.0024 0 0 0 0 0.0007 -0.0007 0

-0.0013 0 0.0027 0 -0.0013 0 0 0 0

0 0 0 0.0017 0 0 0 -0.0017 0

0 0 -0.0013 0 0.0020 0.0007 -0.0007 -0.0007 0

0 0 0 0 0.0007 0.0024 -0.0007 -0.0007 0

-0.0007 0.0007 0 0 -0.0007 -0.0007 0.0041 0 -0.0013

0.0007 -0.0007 0 -0.0017 -0.0007 -0.0007 0 0.0031 0

0 0 0 0 0 0 -0.0013 0 0.0013

0 -0.0017 0 0 0 0 0 0 0

0 0 0 0 0 0 -0.0013 0 0

0 0 0 0 0 -0.0017 0 0 0

Columns 10 through 12

0 0 0
-0.0017 0 0

0 0 0
0 0 0
0 0 0
0 0 -0.0017
0 -0.0013 0
0 0 0
0 0 0

0.0017 0 0
0 0.0013 0
0 0 0.0017

Unrestrained Stiffness sub-matrix, [Kuu] = 

0.0020 -0.0007 -0.0013 0 0 0 -0.0007 0.0007
-0.0007 0.0024 0 0 0 0 0.0007 -0.0007
-0.0013 0 0.0027 0 -0.0013 0 0 0

0 0 0 0.0017 0 0 0 -0.0017
0 0 -0.0013 0 0.0020 0.0007 -0.0007 -0.0007
0 0 0 0 0.0007 0.0024 -0.0007 -0.0007

-0.0007 0.0007 0 0 -0.0007 -0.0007 0.0041 0
0.0007 -0.0007 0 -0.0017 -0.0007 -0.0007 0 0.0031
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Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

1.0e+03 *
1.7570 0.3000 1.3820 -0.3750 1.0070 -0.3000 0.3750 -0.3750
​0.​3000 0.60​00 0​.3000​ 0.3​000 ​0.300​0 0 0.0000 0.3000
1.3820 0.3000 1.7570 -0.0000 1.3820 -0.3000 0.3750 -0.0000

-0.3750 0.3000 -0.0000 1.9820 0.3750 0.3000 -0.0000 1.3820
​1.​0070 0.30​00 1​.3820​ 0.3​750 ​1.757​0 -0.3000 0.3750 0.3750

-0.3000 0 -0.3000 0.3000 -0.3000 0.6000 -0.0000 0.3000
0.3750 0.0000 0.3750 -0.0000 0.3750 -0.0000 0.3750 -0.0000

-0.3750 0.3000 -0.0000 1.3820 0.3750 0.3000 -0.0000 1.3820

Joint Load vector, [Jl] = 

20 0 0 -70 0 0 0 0 0 0 0 0

Unrestrained displacements, [DelU] = 

1.0e+05 *
0.6139 -0.1500 0.2764 -1.4624 -0.0611 -0.2700 0.0750 -1.0424

Member Number =  1
Global displacement matrix [DeltaBar] = 

1.0e+04 *
0 -1.5000 0 6.1390

Global End moment matrix [MBar] = 

25.0000 -25.0000 0 0

Member Number = 2
Global displacement matrix [DeltaBar] = 

1.0e+05 *
-0.1500 -1.4624 0.6139 0.2764

Global End moment matrix [MBar] = 

0 0 45.0000 -45.0000

Member Number =  3
Global displacement matrix [DeltaBar] = 

1.0e+05 *
-1.4624 -0.2700 0.2764 -0.0611

Global End moment matrix [MBar] = 

0 0 45.0000 -45.0000

Member Number =  4
Global displacement matrix [DeltaBar] = 

1.0e+04 *
0 -2.7000 0 -0.6110



157Planar Truss Structures﻿

Global End moment matrix [MBar] = 

45.0000 -45.0000 0 0

Member Number =  5
Global displacement matrix [DeltaBar] = 

1.0e+05 *
0 -1.0424 0 0.0750

Global End moment matrix [MBar] = 

0 0 -10.0000 10.0000

Member Number =  6
Global displacement matrix [DeltaBar] = 

1.0e+05 *
-1.0424 0 0.0750 0

Global End moment matrix [MBar] = 

0 0 10.0000 -10.0000

Member Number =  7
Global displacement matrix [DeltaBar] = 

1.0e+05 *
-0.1500 -1.0424 0.6139 0.0750

Global End moment matrix [MBar] = 

25.0000 -25.0000 -25.0000 25.0000

Member Number =  8
Global displacement matrix [DeltaBar] = 

1.0e+05 *
-1.0424 -1.4624 0.0750 0.2764

Global End moment matrix [MBar] = 

70 -70 0 0

Member Number =  9
Global displacement matrix [DeltaBar] = 

1.0e+05 *
-0.2700 -1.0424 -0.0611 0.0750

Global End moment matrix [MBar] = 

45.0000 -45.0000 45.0000 -45.0000

Joint forces = 

​20.0​000 ​0.000​0 0.​0000 ​-70.0​000 0 0.0000 -0.0000 -0.0000 -10.0000

25.0000 -10.0000 45.0000
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4 Three-Dimensional 
Analysis of Space Frames

4.1 � THREE-DIMENSIONAL ANALYSIS OF STRUCTURES

In the previous section, the detailed explanation on the stiffness method of analysis 
of planar orthogonal and non-orthogonal structures using beam elements and pla-
nar truss elements were given. The same algorithm and sign convention are now 
extended to solve the three-dimensional structures, in order to make the analysis 
very simple and easier. Let us extend the basics of the beam element discussed so far 
to the three-dimensional structures. We know that the equation for joint equilibrium 
of the planar structure is given by,

	 [ ] { }K J RLcomplete complete complete complete
D = { } +{ } 	 (4.1)

The previous equation is also expandable to solve three-dimensional structures. 
Similarly, the matrix equation describing equilibrium of the beam element is 
given by,

	 { }M K Ti i i i i
= éë ùû éë ùû{ }+{ }d FEM 	 (4.2)

This equation can also be extended to analyze three-dimensional structures consist-
ing of beam elements arbitrarily oriented in space.

The first task in three-dimensional analysis is to develop the stiffness matrix of 
the complete structure, which can be simply done by the summation of member stiff-
ness matrices of individual elements. It is very important to note that the complete 
stiffness matrix of the space system will be established in the reference axes system. 

Sign convention:
Consider three axes, as shown in Figure 4.1, where the vector representing the 

translation or forces are marked. Then, the right-hand thumb rule is used to mark 
the direction of moment in every axis. If the thumb points toward the arrows, then 
the direction of the remaining four fingers will indicate the direction of moment. 
This indicates the direction of rotation or moment. All these are considered to be 
positively established using the right-hand thumb rule of orthogonal coordinate axes.

4.2 � BEAM ELEMENT

Let us consider a beam element fixed at both ends with the local axes (xm-ym), as 
shown in Figure 4.2. The beam has six degrees-of-freedom. 

Let us extend the same algorithm used in the analysis of planar orthogonal struc-
ture to the three-dimensional structure arbitrarily oriented in space. Consider a 
member with two joints ‘j’ and ‘k’, as shown in Figure 4.3. The local axes system is 

Advanced Structural Analysis with MATLAB® Three-Dimensional Analysis of Space Frames
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represented by (xm-ym-zm), which are orthogonal to each other. The reference axes 
system is represented by (X-Y-Z). The degrees-of-freedom are also marked in the 
same manner, similar to that of the two-dimensional members. At every end, there 
are three translations along three directions and three rotations about three dimen-
sions. Thus, there are twelve degrees-of-freedom now. 

At the jth end, translations are (t,r,v) and rotations are (l,n,p). Similarly, at the kth 
end, the translations are (h,s,w) and rotations are (m,o,q). Thus, the stiffness matrix 
will be of size 12 × 12.

4.3 � THE STIFFNESS MATRIX

Let us consider unit displacement or translation along ‘t’ in xm direction at the jth 
end, as shown in Figure 4.4. Similarly, unit translation is given in ym direction at 
the jth end. In these two cases, the translation occurs in the (x-y) plane. The unit 

FIGURE 4.1  Vector representation for translation and rotation.

FIGURE 4.2  Fixed beam element.
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FIGURE 4.3  Degrees-of-freedom in local axes system.

FIGURE 4.4  Unit translation at the jth end in xm-ym-zm directions.
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translation is also given in the zm axis direction and it happens in the (x-z) plane. 
The corresponding stiffness coefficients due to the applied unit translation are 
also marked.

Let us apply unit rotations for the member, as shown in Figure 4.5, at the jth end 
in all three axes.

The same procedure can be extended for the kth end also. Let us develop the coef-
ficients contributing the stiffness matrix. When unit displacement is given along ‘t’, 
only t and h are influenced, and the remaining coefficients will be zero. Thus, the 
first column of the stiffness matrix will have only two stiffness coefficients: ktt, kht. 
In the same way, the stiffness coefficients are entered in all the columns by finding 
the invoked or influenced degrees-of-freedom under the application of unit displace-
ment or unit rotation. The stiffness matrix is shown in Figure 4.6.

Now, the values of these stiffness coefficients have to be found from the known 
principal quantities of the beam element, in order to get the complete stiffness 
matrix of a three-dimensional beam element. Thus, the complete stiffness matrix 
is given by,
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Ix is called torsional constant. For the beam element, with rectangular cross-section, 
Ix is given by,

	 I
ht t

h

t

h
h tx = − 
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where, h is the depth of the rectangular section and t is the width of the section. For 
a rectangular cross-section with a very large value of h/t,

	 I
ht

x =
3

12
	 (4.4)
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In case of I-sections, as shown in Figure 4.7, the value of torsional constant is 
given by,

	 I htx = å1
3

3 	 (4.5)

FIGURE 4.5  Unit rotation at the jth end in xm-ym-zm directions.

FIGURE 4.6  Stiffness coefficients.
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where, h is the longer dimension and t is the shorter dimension. Hence,

	 I b t h t b tx f f w w f f= ( ) + ( ) + ( ){ }1
3

3 3 3 	 (4.6)

4.4 � TRANSFORMATION MATRIX

In a space frame, members can be oriented in any fashion. The local axes of the 
member may not coincide with the reference axes system. In such a situation, the 
stiffness matrix needs to be transformed with respect to the reference axes system. In 
addition, the load applied on the local axes also needs to be transformed with respect 
to the reference axes system. Most importantly, the member forces, end moments 
and reactions need to be computed with respect to the reference axes system, but 
they also need to be transformed to the local axes system of each member. This is 
required to design the member.

Let V0 be a vector that is arbitrarily oriented along the axis Y0. This has to be 
transformed to the reference axes system (Y1-Y2-Y3). The vector V0 has its compo-
nents along the Y1, Y2 and Y3 axes. In order to find the components, the inclina-
tion or position of the vector with respect to the three axes should be known. In 
Figure 4.8, γ01 is the angle between the axes Y0 and Y1. Similarly, γ02 is the angle 
between the axes Y0 and Y2 and γ03 is the angle between the axes Y0 and Y3. The 
corresponding components are V1, V2 and V3. Thus, the following relationship 
will be valid.

	

V V

V V

V V

1 0 01

2 0 02

3 0 03

=

=

=

cos

cos

cos

g

g

g

	 (4.7)

FIGURE 4.7  I section.
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where, γ01, γ02 and γ03 are defined as angles between the vector V0 or the axis Y0 to 
which the vector is aligned, whose coordinate axes are (Y1-Y2-Y3) respectively. In the 
previous equation, the terms cos γ01, cos γ02 and cos γ03 are called direction cosines. 
Now, the vector V0 is resolved along the set of coordinate axes (Y1-Y2-Y3). Let us 
resolve or transform this to the standard reference axes system (X-Y-Z).

Let, X1-X2-X3 be the reference axes systems. Let us define the angles of X1-X2-X3 
and vectors V1, V2, V3. V1, V2, V3 are already resolved along (Y1-Y2-Y3). Let, γ11 
be the angle between the V1 axis and X1 axis. By this logic, the angle between the 
vector and the reference axes system can be defined. Thus, the V1 vector makes an 
angle (γ11, γ12, γ13) with the reference axes system, the V2 vector makes an angle (γ11, 
γ22, γ23) with the reference axes and the V3 vector makes an angle (γ31, γ32, γ33) with 
the reference axes, as shown in Figure 4.9. The set of equations that connects the 
transformed components of these vectors with the known components of vectors is 
given by,

	

V V V V

V V V V

1 1 11 2 21 1 31

2 1 12 2 22 1 32

= + +

= + +

cos cos cos

cos cos cos

g g g

g g g

VV V V V3 1 13 2 23 1 33= + +cos cos cosg g g

	 (4.8)

FIGURE 4.8  Component of vector along coordinate axes.
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Let Cij = cos γij, where, I represents the (Y1-Y2-Y3) axes system and j represents the 
(X1-X2-X3) axes system. Thus, the previous equation can be written in matrix form 
as follows:
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	 V C Vs
T{ } = éë ùû { }	 (4.10)

where, C

C C C

C C C

C C C
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é

ë

ê
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It also verifies that C Cs
T

séë ùû = éë ùû
-1

. V  refers to the reference axes system and V 
refers to the coordinate axes system. Please note that they do not refer to the axis of 
the original vector V0.

4.5 � MEMBER ROTATION MATRIX

Consider a beam element with length Li. The member has two nodes ‘j’ and ‘k’. The 
member is oriented along its local axes system (xm-ym-zm). This local axes system is 
placed arbitrarily in space with reference to the standard reference axes system (X-Y-Z). 

FIGURE 4.9  Components of vector along reference axes.
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γx, γy, γz are the angles of the xm axis with respect to the X-Y-Z axes respectively, 
as shown in Figure 4.10. 

Let,
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As the j and k coordinates of the member positioned in space are known, the direc-
tion cosines can be written as follows:

	 C
X X
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	 (4.11)
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	 (4.12)
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	 (4.13)

	 L X X Y Y Z Zi k j k j k j= -( ) + -( ) + -( )2 2 2
	 (4.14)

where, (Xk,Yk,Zk) and (Xj,Yj,Zj) are the coordinates of the beam element placed in 
space. It is now important to know that the direction cosines give the components of 
the beam element only along the reference axes system, but an important information 

FIGURE 4.10  Member rotation.



168 ﻿Advanced Structural Analysis with MATLAB®

of orientation of the local axes system with respect to reference the axes system is 
not known. Therefore, it is clear that the beam element is oriented along the local 
axes (xm-ym-zm). Hence, orientation of (xm-ym-zm) axes or the local axes system with 
respect to the reference axes system is called the ψ angle, which has to be estimated. 
Thus, in order to find the orientation of the local axes system with respect to the ref-
erence axes system, we need to know the direction cosines and ψ angle. 

4.6 � Y-Z-X TRANSFORMATION

The direction cosines give the components of the member along the reference axes 
system. Further, the ψ angle provides information about the orientation of the local 
axes system with respect to the reference axes system. It is very important to note 
that the procedure of aligning the reference axes system to that of local axes sys-
tem is called transformation. There are various schemes involved in this transfor-
mation. One such scheme is the Y-Z-X transformation, as shown in Figure 4.11, 
which means rotating the reference axes about the Y-axis, then the Z-axis and finally 
about the X-axis. Y-Z-X highlights the order or sequence of rotation to be carried 
out. The reference axes system (X-Y-Z) will be rotated about the Y-axis first, then 
about the Z-axis and lastly about the X-axis. The amount of rotation happening in 
the Y and Z axes is α and β respectively, and ultimately we will get the ψ angle after 
the rotation about the X-axis. The procedure is to hold the orthogonal axes system 
(X-Y-Z) and rotate this axes system about Y-axis by α degrees.

Let, V0 be the vector placed arbitrarily. Now, reference axes system is rotated 
about Y-axis, where Y and Yα remains the same. The X-axis and Z-axis will move 

FIGURE 4.11  Y-Z-X transformation.
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to Xα and Zα respectively, since the angle of rotation is α degrees. V V Vx y z, ,  are the 
components of the vector with respect to the reference axes (X-Y-Z).

From the figure,
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Thus,
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By substituting the values of cos α and sin α in the previous matrix equation, 
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The next step is to rotate about the Z-axis by β degrees. Since, the rotation takes place 
about the Z-axis, Zα and Zβ remains the same. Xα and Yα will shift to Xβ and Yβ respec-
tively. Now, the vector components are Vβx, Vβy and Vβz as shown in Figure 4.12.

Now,
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By substituting these values,

	

V

V

V

C C C

C C C

Vx

y

z

x z y

y x z

b

b

b

aì

í
ï

î
ï

ü

ý
ï

þ
ï
=

+

- +

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

2 2

2 2

0

0

0 0 1

xx

y

z

V

V
a

a

ì

í
ï

î
ï

ü

ý
ï

þ
ï

	

	 V C Vb b a{ } = éë ùû{ }	 (4.17)
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Finally, let us rotate about the X-axis by an angle ψy as shown in Figure 4.13. 
Here Xβ will remains same as xm. Yβ and Zβ will shift to ym and zm respectively. 
Thus, ψy is the angle between Yβ and ym measured from Yβ toward ym or angle 
between Zβ and zm measured Zβ toward zm. The idea is to bring ym and Yβ aligned 
and xm and Xβ aligned. xm and Xβ are already aligned, since the rotation is about 
the X axis.

Thus,
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Hence, 

	 V C V C C V C C C Vy y y{ } = éë ùû{ } = éë ùû éë ùû{ } = éë ùû éë ùû éë ùû{ }y b y b a y b a 	 (4.18)

	 { }V C C C Vy= éë ùû éë ùû éë ùû{ }y b a 	 (4.19)

	 Let, C C C Cy y
  =    [ ]ψ β α 	

FIGURE 4.12  Z-axis rotation.
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By substituting the values,
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[Cy] is called as the rotation matrix, which is expressed in terms if direction cosines. 
It also defines the position of xm or the longitudinal axis of the member in the local 
axes system with θ, in relation to the reference axes system and through the ψ angle.

FIGURE 4.13  Rotation about X-axis.
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4.7 � Z-Y-X TRANSFORMATION

In this transformation, rotate about the Z-axis first, then about the Y-axis and finally 
about the X-axis. Here, one can get the ψz angle. As shown in Figure 4.14, the local 
axes system is (xm, ym, zm) and the global axes system is (X-Y-Z).

When rotated about the Z-axis by an angle of θ degrees, the Z and Zθ axes will 
remain same. X and Y will shift to Xθ and Yθ respectively. In the second step, 
rotation about the Y-axis by an angle of α degrees, will leave Yθ and Yλ axes the 
same. Xθ and Zθ will shift to Xλ and Zλ respectively. In the final step, by rotating 
about the X-axis by an angle of ψz, Xλ and xm will remain the same. But, Yλ and 
Zλ will shift to ym and zm respectively. Thus, ψz is measured from Yλ to ym or Zλ 
to zm.

Hence, the rotation matrix can be directly written as follows:

	 C
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y y y
y y
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We can also write,

	 C C C Cz zéë ùû = éë ùû éë ùû éë ùûy l q 	 (4.20)

Cz z z  = − −
cos cos sin cos sin

( sin cos ) (cos sin sin ) (co
θ λ θ λ λ

θ ψ θ λ ψ ss cos ) (sin sin sin ) cos sin
(sin sin ) (cos sin cos

θ ψ θ λ ψ λ ψ
θ ψ θ λ

z z z

z

−
− ψψ θ ψ θ λ ψ λ ψz z z z) ( cos sin ) (sin sin cos ) cos cos− −















FIGURE 4.14  X-Y-Z transformation.
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From the figure,
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By substituting the previously mentioned values in Cz,
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In general, one can use either Y-Z-X transformation or Z-Y-X transformation to 
transform the reference axes system to the local axes system. But, choice of transfor-
mation order can make the evaluation of the ψ angle, simpler. In both the transforma-
tions, the rotation in the last step takes place about the X-axis only. Most importantly, 
in both the transformations, ψ angles are calculated. But, ψy and ψz are completely 
different. Thus, for a given member, which transformation order is to be followed? 
If the member is positioned in the frame of reference axes, such that the longitudi-
nal axes of the member corresponds to Y-axis of the reference system, then use the 
Z-Y-X transformation. Similarly, if a member is placed in the frame of the reference 
axes system, such that the longitudinal axes of the member corresponds to Z-axis of 
the reference system, then use Y-Z-X transformation. 

4.8 � THE Ψ ANGLE

Let us consider a three-axes system (X-Y-Z), as shown in Figure 4.15. The local 
axes system is (xm-ym-zm). The transformed axes system is (Xβ, Yβ, Zβ). The line 
of sight is along the X-axis. The longitudinal axis of the member coincides with 
the X-axis. Thus, this is the Y-Z-X transformation. The axes are then marked on 
the cross-section of the member seen from the line of sight. The angle ψy is mea-
sured anticlockwise when viewing the cross-section of the member toward the jth 
end from the kth end. So, the direction cosines define the location of the xm axis. 
ψy defines the location of the minor principal axis. All parameters are geometric 
dependent. 
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Similarly, for the Z-Y-X transformation, as shown in Figure 4.16, the line of sight 
is along the xm axis. The longitudinal axis of the member coincides with the xm axis. 
Here, ψz is measured anticlockwise when viewing the cross-section of the member 
toward the jth end from the kth end.

4.9 � ANALYSIS OF SPACE FRAME

For any member, which is arbitrarily oriented in space with respect to the reference 
axes system, one needs to estimate the two parameters:

	 1.	Direction cosines
	 2.	ψ angle

The important points to be noted in the analysis of space frame are as follows:

	 1.	Three-direction cosines define the location of the longitudinal axis of the 
member (xm) axis with respect to the reference axes system.

	 2.	The ψ angle defines the location of the minor principal axis.
	 3.	All parameters of direction cosines and ψ angle are geometric dependent. It 

actually depends on the position or orientation of the member with respect 
to the reference axes system.

	 4.	Direction cosines of each member can be readily computed, but the ψ angle 
need to be carefully estimated.

FIGURE 4.15  Y-Z-X transformation.
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	 5.	One can do two types of transformations or rotations: Y-Z-X and Z-Y-X 
transformation. The ψ angle computed from both the transformations will 
be different. Obviously, the rotation process enables alignment of the X-Y-Z 
axes to x-y-z axes of the member.

The primary objective is to extend the knowledge of two-dimensional analysis to 
three-dimensional analysis. Consider a fixed beam element arbitrarily oriented with 
two nodes ‘j’ and ‘k’. The member is designated as ‘i’, as shown in Figure 4.17. Each 
node will have three translations and three rotational degrees-of-freedom. The beam 

FIGURE 4.16  Z-Y-X transformation.

FIGURE 4.17  Local and reference axes system.



176 ﻿Advanced Structural Analysis with MATLAB®

element will have twelve degrees-of-freedom, making the stiffness matrix of size 
12 × 12, unlike two-dimensional analysis.

It is assumed that the orientation of the local axes system with respect to the refer-
ence axes system can be described in terms of the direction cosines Cx,Cy,Cz and the 
ψ angle. We already know that,
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The set of translations at the jth end measured in the local axes system can be con-
nected to the reference axes system as follows:
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It can be seen that the previous equation gives the translation in the jth end. Similarly, 
the set of rotations measured at the jth end can be translated from the local axes to 
the reference axes system as follows:
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Similarly, for the kth end,
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By combining all twelve degrees-of-freedom,
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This is the transformation matrix in three-dimensional space. This transformation 
matrix also has some special properties similar to those of the transformation matrix 
in two-dimensional space. 
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	 (4.22)

	 Hence, C Ci
T

i[ ] = [ ]−1
	 (4.23)

Therefore,

	 d di i
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i
Téë ùû = éë ùû { } 	 (4.24)

Where, [C] is the rotation matrix, whose elements are the direction cosines. Thus, 
Cy can be used for Y-Z-X transformation and Cz for Z-Y-X transformation, which 
contains the direction cosines and ψ angle.

In addition, the following equations used in two-dimensional analysis are also 
valid for three-dimensional analysis.
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Example problems with computer program

EXAMPLE 4.1:

Determine the ψ angle for the members of space frame shown in Figure 4.18.

Solution:
Mark the global axis and local axes for all the members.

Member j k Length (m)

1 1 2 4

2 3 2 4

3 2 4 6.402

Member 1:

�The xm axis of member 1 is toward the Y-axis. Therefore, we should use Z-Y-X 
transformation. 
Here, ψ angle = ψz = angle between ym and Y-axis = 90 degrees

Member 2:

�The xm axis of member 2 is toward the X-axis. Therefore, we can use either 
Y-Z-X or Z-Y-X transformation. 
Let us use Y-Z-X transformation.
Here, ψ angle = ψy = angle between ym and Y-axis = 90 degrees

Member 3:

�The xm axis of member 2 is not aligned toward X, Y and Z but it is inclined. Let 
us try the Y-Z-X transformation. 
�To understand this transformation, let us consider a simple example. Consider 
a vector that is placed arbitrarily in the space, as shown in Figure 4.19. Let 

FIGURE 4.18  Space frame example.



179Three-Dimensional Analysis of Space Frames﻿

us consider a point ‘p’ in the xm-ym plane in the frame of X-Y-Z, but the point 
should not be located along the xm axis. The point is projected on other planes. 
The coordinates of this point will describe the position of Xp , Yp, Zp with 
respect to the reference axes.
For the Y-Z-X transformation, we already know that,
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The coordinates of the point ‘p’ on the (xm,ym) plane can be written as Yβp, Zβp.
Thus,
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FIGURE 4.19  Transformation.
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So, the coordinates of point ‘p’ with respect to the reference axes system should 
be P(4,4,0). Similarly, the coordinates of point ‘p’ with respect to the jth end of the 
member of 3 is P(0,0, −3). Thus, the position vector is given by,
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Now, the coordinates of the jth end with respect to X-Y-Z axes system are (4,4,3). 
Similarly, the coordinates of the kth end with respect to the X-Y-Z system are 
(0,0,0).

	 1.	Direction cosines:
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	 2.	ψ angle:
	 Now,
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EXAMPLE 4.2:

Determine the ψ angle for the members of the space frame shown in Figure 4.20.

Solution:
Mark the global axis and local axes for all the members.
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	 1.	Coordinates of joints:

Joint X Y Z

A 0 0 0

B 3 0 0
C 3 0 −3

D 3 −3 −3

	 2.	ψ angle:

Member
Length 

(m)

Joint
Direction 
Cosines

Type of 
Transformation

ψ Angle 
(degrees)j k Cx Cy Cz

AB 3 A B 1 0 0 Y-Z-X ψy = 0

BC 3 B C 0 0 −1 Y-Z-X ψy = 0

CD 3 D C 0 1 0 Z-Y-X ψz = 90

FIGURE 4.20  Space frame example.
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Member 1: Inclination angles of xm with X, Y, Z are (0,90,90) degrees.
Member 2: Inclination angles of xm with X, Y, Z are (90,90,0) degrees.
Member 3: Inclination angles of xm with X, Y, Z are (90,0,90) degrees.

EXAMPLE 4.3:

Analyze the three-dimensional space frame, as shown in Figure 4.21, using the 
stiffness method of analysis.

Solution:
Mark the local and reference axes system.

	 1.	Coordinates of joints:

Joint X Y Z

A 0 0 0

B 3 0 0
C 3 0 −3

D 3 −3 −3

FIGURE 4.21  Space frame example.
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	 2.	ψ angle:

Member
Length 

(m)

Joint
Direction 
Cosines

Type of 
Transformation

ψ Angle 
(degrees)j k Cx Cy Cz

AB 3 A B 1 0 0 Y-Z-X ψy = 0

BC 3 B C 0 0 −1 Y-Z-X ψy = 0

CD 3 D C 0 1 0 Z-Y-X ψz = 90

	 3	 Marking unrestrained and restrained degrees-of-freedom:
	 The unrestrained and restrained degrees-of-freedom are shown in Figure 4.22.
	 Unrestrained degrees-of-freedom: 12 (d d d q q q d d d q q q1 2 3 4 5 6 7 8 9 10 11 12, , , , , , , , , , , )
	 Restrained degrees-of-freedom: 12 (d d d q q q d d d q q q13 14 15 16 17 18 19 20 21 22 23 24, , , , , , , , , , , )

	 4.	Estimation of transformation matrix:
	 We already know that,
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FIGURE 4.22  Unrestrained and restrained degrees-of-freedom.
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	 The direction cosine matrices for all the three members are,

	 C C C1 2 3

1 0 0

0 1 0

0 0 1

0 0 1

0 1 0

1 0 0

0 1 0

0 0 1

1 0

=
é

ë

ê
ê
ê

ù

û

ú
ú
ú

=
-é

ë

ê
ê
ê

ù

û

ú
ú
ú

=, ,

00

é

ë

ê
ê
ê

ù

û

ú
ú
ú
	

	 Now, the transformation matrix is given by,

	 T

C

C

C

C

i

i

i

i

i

[ ] =

[ ]
[ ]

[ ]
[ ]

é [ ] [ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ]

0 0 0

0 0 0

0 0 0

0 0 0ëë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

´12 12

	

	 Global labels: 

	 AB = [13, 14, 15, 16, 17, 18, 1, 2, 3, 4, 5, 6]
	 BC = [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]
	 CD = [19, 20, 21, 22, 23, 24, 7, 8, 9, 10, 11, 12]

	 5.	Fixed end moments and joint load vector:
	� Load is acting only on the member AB. Hence, the fixed end moments 

along the other two members remains zero.

	 FEM( ) =

-

ì

í

ï
ï
ï
ï
ï
ï
ï
ï

î

ï
ï
ï
ï
ï
ï
ï
ï

ü

ý

ï
ï
ï
ï
ï
ï
ï
ï

þ

ï
ï
ï

AB

0

30

0

0

0

15

0

30

0

0

0

15

ïï
ï
ï
ï
ï

	

	� The joint load vector is the reversal of the fixed end moments. The trans-
pose of the joint load vector is given as follows:

	 JL
T

  = − − −{ }0 30 0 0 0 15 0 0 0 0 0 0 0 30 0 0 0 15 0 0 0 0 0 0 	
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	 6.	Stiffness matrix:

	 K EIAB  =

−
−

0 083 0 0 0 0 0 0 083 0 0 0 0 0
0 0 444 0 0 0 0 667 0 0 444 0 0 0 0 6

. .
. . . . 667

0 0 0 444 0 0 667 0 0 0 0 444 0 0 667 0
0 0 0 0 083 0 0 0 0 0 0 083 0 0
0 0 0

. . . .
. .

.

−
−

− 6667 0 1 333 0 0 0 0 667 0 0 667 0
0 0 667 0 0 0 1 333 0 0 667 0 0 0 0 667

0 0

. . .
. . . .

.
−

− 883 0 0 0 0 0 0 083 0 0 0 0 0
0 0 444 0 0 0 0 667 0 0 444 0 0 0 0 667
0 0 0 444

−
− − −

−

.
. . . .

. 00 0 667 0 0 0 0 444 0 0 667 0
0 0 0 0 083 0 0 0 0 0 0 083 0 0
0 0 0 667 0 0 667 0

. . .
. .

. .
−

− 00 0 0 667 0 1 333 0
0 0 667 0 0 0 0 667 0 0 667 0 0 0 1 333

. .
. . . .−







































	

	 K EIAB



 =

−
−

0 083 0 0 0 0 0 0 083 0 0 0 0 0
0 0 444 0 0 0 0 667 0 0 444 0 0 0 0 6

. .
. . . . 667

0 0 0 444 0 0 667 0 0 0 0 444 0 0 667 0
0 0 0 0 083 0 0 0 0 0 0 083 0 0
0 0 0

. . . .
. .

.

−
−

− 6667 0 1 333 0 0 0 0 667 0 0 667 0
0 0 667 0 0 0 1 333 0 0 667 0 0 0 0 667

0 0

. . .
. . . .

.
−

− 883 0 0 0 0 0 0 083 0 0 0 0 0
0 0 444 0 0 0 0 667 0 0 444 0 0 0 0 667
0 0 0 444

−
− − −

−

.
. . . .

. 00 0 667 0 0 0 0 444 0 0 667 0
0 0 0 0 083 0 0 0 0 0 0 083 0 0
0 0 0 667 0 0 667 0

. . .
. .

. .
−

− 00 0 0 667 0 1 333 0
0 0 667 0 0 0 0 667 0 0 667 0 0 0 1 333

. .
. . . .−







































	

	 K KBC AB[ ] = [ ]	

	 K EIBC



 =

− − −
−

0 444 0 0 0 0 667 0 0 444 0 0 0 0 667 0
0 0 444 0 0 667 0 0 0 0

. . . .
. . .. .

. .
. . . .

444 0 0 667 0 0
0 0 0 083 0 0 0 0 0 0 083 0 0 0
0 0 667 0 1 333 0 0 0 0 667 0 0

−
− 6667 0 0

0 667 0 0 0 1 333 0 0 667 0 0 0 0 667 0
0 0 0 0 0 0 083 0 0 0 0 0 0 083

0

−
−

−

. . . .
. .

.. . . .
. . . .

444 0 0 0 0 667 0 0 444 0 0 0 0 667 0
0 0 444 0 0 667 0 0 0 0 444 0 0 667 0− − − 00
0 0 0 083 0 0 0 0 0 0 083 0 0 0
0 0 667 0 0 667 0 0 0 0 667 0 1 333 0 0

0 667

−
−

−

. .
. . . .

. 00 0 0 0 667 0 0 667 0 0 0 1 333 0
0 0 0 0 0 0 083 0 0 0 0 0 0 083

. . .
. .−







































	

	 K KCD AB[ ] = [ ]	

K EICD



 =

− − −
−

0 444 0 0 0 0 0 667 0 444 0 0 0 0 0 667
0 0 083 0 0 0 0 0 0 083

. . . .
. . 00 0 0 0

0 0 0 444 0 667 0 0 0 0 0 444 0 667 0 0
0 0 0 667 1 333 0 0 0 0 0 667 0

. . . .

. . . .
−
− 6667 0 0

0 0 0 0 0 083 0 0 0 0 0 0 083 0
0 667 0 0 0 0 1 333 0 667 0 0 0 0 0 667
0

. .
. . . .

−
−
− .. . . .

. .
.

444 0 0 0 0 0 667 0 444 0 0 0 0 0 667
0 0 083 0 0 0 0 0 0 083 0 0 0 0
0 0 0 444

−
− −00 667 0 0 0 0 0 444 0 667 0 0

0 0 0 667 0 667 0 0 0 0 0 667 1 333 0 0
0 0 0 0 0

. . .
. . . .

−
−

− .. .
. . . .

083 0 0 0 0 0 0 083 0
0 667 0 0 0 0 0 667 0 667 0 0 0 0 1 333−







































	

The total stiffness matrix can be formed by assembling the global stiffness matrices 
of all the members, from which the unrestrained stiffness matrix can be partitioned.
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K EIuu  =

− − −
−

0 528 0 0 0 0 667 0 0 444 0 0 0 0 667 0
0 0 889 0 0 667 0 0 6

. . . .
. . . 667 0 0 444 0 0 667 0 0

0 0 0 528 0 0 667 0 0 0 0 083 0 0 0
0 0 667 0 1 417 0 0 0

−
−

. .
. . .

. . −−
−

−

0 667 0 0 667 0 0
0 667 0 0 667 0 2 667 0 0 667 0 0 0 0 667 0

0 0 667 0 0 0

. .
. . . . .

. 11 417 0 0 0 0 0 0 833
0 444 0 0 0 0 667 0 0 889 0 0 0 0 667 0 667

0 0 444 0

. .
. . . . .

.

−
−

− −− −
− −

0 667 0 0 0 0 528 0 0 667 0 0
0 0 0 083 0 0 0 0 0 0 528 0 667 0 0
0 0 667 0 0

. . .
. . .

. .. . . .
. . . .

667 0 0 0 0 667 0 667 2 667 0 0
0 667 0 0 0 0 667 0 0 667 0 0 0 1 417 0

0 0

− −
−

00 0 0 0 083 0 667 0 0 0 0 1 417−





































. . .

	

	 7.	Calculation of end moments and reactions:
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0 045

4 275

1 543

2 8

{ } =

-

-
-

.

.

.

.

.

.

.

.

.

. 220

0 284

3 943

2

.

.

,

ì

í

ï
ï
ï
ï
ï
ï
ï
ï

î

ï
ï
ï
ï
ï
ï
ï
ï

ü

ý

ï
ï
ï
ï
ï
ï
ï
ï

þ

ï
ï
ï
ï
ï
ï
ï
ï

{ } =

-

M

00 045

4 275

1 543

2 820

0 284

3 943

0 045

4 275

1 543

10 004

.

.

.

.

.

.

.

.

.

.

-
-
-
-
-

-
00 420

3 943

0 0

3

.

.

,

.ì

í

ï
ï
ï
ï
ï
ï
ï
ï

î

ï
ï
ï
ï
ï
ï
ï
ï

ü

ý

ï
ï
ï
ï
ï
ï
ï
ï

þ

ï
ï
ï
ï
ï
ï
ï
ï

{ } =M

445

4 275

1 543

5 374

0 420

3 807

0 045

4 275

1 543

10 004

0 42

.

.

.

.

.

.

.

.

.

.

-

-
-
-

- 00

3 943-

ì

í

ï
ï
ï
ï
ï
ï
ï
ï

î

ï
ï
ï
ï
ï
ï
ï
ï

ü

ý

ï
ï
ï
ï
ï
ï
ï
ï

þ

ï
ï
ï
ï
ï
ï
ï
ï.

	

FIGURE 4.23  Member end reactions and moments.
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The member end reactions and moments are shown in Figure 4.23 and the final 
end moments and reactions are shown in Figure 4.24.

MATLAB program:

%% 3D analysis of space frame
clc;
clear;
%% Input
n = 3; % number of members
EI = [1 1 1]; %Flexural rigidity
EIy = EI;
EIz = EI;
GI = [0.25 0.25 0.25].*EI; %Torsional constant
EA = [0.25 0.25 0.25].*EI; %Axial rigidity
L = [3 3 3]; % length in m
nj = n+1; % Number of Joints
codm = [0 0 0; 3 0 0; 3 0 -3; 3 -3 -3]; %Coordinate wrt X,Y.Z: 
size=nj,3
dc = [1 0 0; 0 0 -1; 0 1 0]; % Direction cosines for each 
member
tytr = [1 1 2]; % Type of transformation fo each member
psi = [0 0 90]; % Psi angle in degrees for each member

FIGURE 4.24  Final end reactions and moments.
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% C matrix
c1 = [1 0 0; 0 1 0; 0 0 1]; % C matrix for member 1
c2 = [0 0 -1; 0 1 0; 1 0 0]; % C matrix for member 2
c3 = [0 1 0; 0 0 1; 1 0 0]; % C matrix for member 3

uu = 12; % Number of unrestrained Degrees-of-freedom
ur = 12; % Number of restrained Degrees-of-freedom
uul = [1 2 3 4 5 6 7 8 9 10 11 12]; % global labels of 
unrestrained dof
url = [13 14 15 16 17 18 19 20 21 22 23 24]; % global labels 
of restrained dof
l1 = [13 14 15 16 17 18 1 2 3 4 5 6]; % Global labels for member 1 
l2 = [1 2 3 4 5 6 7 8 9 10 11 12]; % Global labels for member 2
l3 = [19 20 21 22 23 24 7 8 9 10 11 12]; % Global labels for 
member 3
l= [l1; l2; l3];
dof = uu + ur; % Degrees-of-freedom
Ktotal = zeros (dof);
fem1= [0; 30; 0; 0; 0; 15; 0; 30; 0; 0; 0; -15]; % Local Fixed 
end moments of member 1
fem2= [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0]; % Local Fixed end 
moments of member 2
fem3= [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0]; % Local Fixed end 
moments of member 3

%% Transformation matrix
T1 = zeros(12);
T2 = zeros(12);
T3 = zeros(12);
for i = 1:3
    for j = 1:3
        T1(i,j)=c1(i,j);
        T1(i+3,j+3)=c1(i,j);
        T1(i+6,j+6)=c1(i,j);
        T1(i+9,j+9)=c1(i,j);
        T2(i,j)=c2(i,j);
        T2(i+3,j+3)=c2(i,j);
        T2(i+6,j+6)=c2(i,j);
        T2(i+9,j+9)=c2(i,j);
        T3(i,j)=c3(i,j);
        T3(i+3,j+3)=c3(i,j);
        T3(i+6,j+6)=c3(i,j);
        T3(i+9,j+9)=c3(i,j);
    end
end

%% Getting Type of transformation and Psi angle
for i = 1:n
    if tytr(i) ==1
        fprintf ('Member Number =');
        disp (i);
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        fprintf ('Type of transformation is Y-Z-X \n');
    else 
        fprintf ('Member Number =');
        disp (i);
        fprintf ('Type of transformation is Z-Y-X \n');
    end
    fprintf ('Psi angle=');
    disp (psi(i));
end

%% Stiffness coefficients for each member
sc1 = EA./L;
sc2 = 6*EIz./(L.^2);
sc3 = 6*EIy./(L.^2);
sc4 = GI./L;
sc5 = 2*EIy./L;
sc6 = 12*EIz./(L.^3);
sc7 = 12*EIy./(L.^3);
sc8 = 2*EIz./L;

%% stiffness matrix 6 by 6
for i = 1:n
        Knew = zeros (dof);
        k1 = [sc1(i); 0; 0; 0; 0; 0; -sc1(i); 0; 0; 0; 0; 0];
        k2 = [0; sc6(i); 0; 0; 0; sc2(i); 0; -sc6(i); 0; 0; 0; 
sc2(i)];
        k3 = [0; 0; sc7(i); 0; -sc3(i); 0; 0; 0; -sc7(i); 0; 
-sc3(i); 0];
        k4 = [0; 0; 0; sc4(i); 0; 0; 0; 0; 0; -sc4(i); 0; 0];
        k5 = [0; 0; -sc3(i); 0; (2*sc5(i)); 0; 0; 0; sc3(i); 0; 
sc5(i); 0];
        k6 = [0; sc2(i); 0; 0; 0; (2*sc8(i)); 0; -sc2(i); 0; 0; 
0; sc8(i)];
        k7 = -k1;
        k8 = -k2;
        k9 = -k3;
        k10 = -k4;
        k11 = [0; 0; -sc3(i); 0; sc5(i); 0; 0; 0; sc3(i); 0; 
(2*sc5(i)); 0];
        k12 = [0; sc2(i); 0; 0; 0; sc8(i); 0; -sc2(i); 0; 0; 0; 
(2*sc8(i))];
        K = [k1 k2 k3 k4 k5 k6 k7 k8 k9 k10 k11 k12];
        fprintf ('Member Number =');
        disp (i);
        fprintf ('Local Stiffness matrix of member, [K] = \n');
        disp (K);
        if i == 1
            T = T1; 
        elseif i == 2
            T = T2;
        else 
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            T = T3;
        end
        Ttr = T';
        Kg = Ttr*K*T;
        fprintf ('Transformation matrix, [T] = \n');
        disp (T);
        fprintf ('Global Matrix, [K global] = \n');
        disp (Kg);
                for p = 1:12
            for q = 1:12
                Knew((l(i,p)),(l(i,q))) =Kg(p,q);
            end
        end
        Ktotal = Ktotal + Knew;
        if i == 1
            Tt1= T;
            Kg1=Kg;
            fembar1= Tt1'*fem1;
        elseif i == 2
            Tt2 = T;
            Kg2 = Kg;
            fembar2= Tt2'*fem2;
        else
            Tt3 = T;
            Kg3 = Kg;
            fembar3= Tt3'*fem3;
        end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(12);
for x=1:uu
    for y=1:uu
        Kunr(x,y)= Ktotal(x,y);      
    end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [0; -30; 0; 0; 0; 15; 0; 0; 0; 0; 0; 0; 0; -30; 0; 0; 0; 
-15; 0; 0; 0; 0; 0; 0]; % values given in kN or kNm
jlu = jl(1:12,1); % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl);
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu);
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delr = [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0];
del = zeros (dof,1);
del = [delu; delr];
deli= zeros (12,1);
for i = 1:n
    for p = 1:12
        deli(p,1) = del((l(i,p)),1) ;
    end
    if i == 1
            delbar1 = deli;
            mbar1= (Kg1 * delbar1)+fembar1;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar1);
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar1);
     elseif i == 2
            delbar2 = deli;
            mbar2= (Kg2 * delbar2)+fembar2;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar2);
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar2);
    else
            delbar3 = deli;
            mbar3= (Kg3 * delbar3)+fembar3;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar3);
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar3); 
     end
end

%% check
mbar = [mbar1'; mbar2'; mbar3'];
jf = zeros(dof,1);
for a=1:n 
    for b=1:12 % size of k matrix
        d = l(a,b);
        jfnew = zeros(dof,1);
        jfnew(d,1)=mbar(a,b);
        jf=jf+jfnew;
    end
end
fprintf ('Joint forces = \n');
disp (jf);
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EXAMPLE 4.4:

Analyze the three-dimensional space frame, as shown in Figure 4.25, using the 
stiffness method of analysis.

Solution:
Mark the local and reference axes system, as shown in Figure 4.26.

	 1.	Coordinates of joints:

Joint X Y Z

A 0 6 0

B 4 6 0
C 7 6 0
D 0 0 0
E 4 0 0

F 7 0 0

FIGURE 4.25  Space frame example.
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	 2.	ψ angle:

Member
Length 

(m)

Joint
Direction 
Cosines

Type of 
Transformation

ψ Angle 
(degrees)j k Cx Cy Cz

AB 4 A B 1 0 0 Y-Z-X ψy = 0

BC 3 B C 1 0 0 Y-Z-X ψy = 0
DE 4 D E 1 0 0 Y-Z-X ψy = 0
EF 3 E F 1 0 0 Y-Z-X ψy = 0

EB 6 E B 0 1 0 Z-Y-X ψz= 90

	 3.	Marking unrestrained and restrained degrees-of-freedom:

	 The unrestrained and restrained degrees-of-freedom are marked, as 
shown in Figure 4.27.

	 Unrestrained degrees-of-freedom: 12 (d d d q q q d d d q q q1 2 3 4 5 6 7 8 9 10 11 12, , , , , , , , , , ,
d d d q q q d d d q q q1 2 3 4 5 6 7 8 9 10 11 12, , , , , , , , , , , )

FIGURE 4.26  Local and reference axes system.
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	 Restrained degrees-of-freedom: 

	 24 
( , , , , , , , , , , , )

( , ,

d d d q q q d d d q q q

d d

13 14 15 16 17 18 19 20 21 22 23 24

25 26 dd q q q d d d q q q27 28 29 30 31 32 33 34 35 36, , , , , , , , , )

	 4.	Estimation of transformation matrix:

	 We already know that,

	 C

C C C

C C C

C C C

=
é

ë

ê
ê
ê

ù

û

ú
ú
ú

11 12 13

21 22 23

31 32 33

	

	 The direction cosine matrices for all the three members are,

	
C C

C C C

AB EB

AB BC DE

=
é

ë

ê
ê
ê

ù

û

ú
ú
ú

=
é

ë

ê
ê
ê

ù

û

ú
ú
ú

= =

1 0 0

0 1 0

0 0 1

0 1 0

0 0 1

1 0 0

,

== CEF

	

FIGURE 4.27  Unrestrained and restrained degrees-of-freedom.
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	 Now, the transformation matrix is given by,

	 T

C

C

C

C

i

i

i

i

i

[ ] =

[ ]
[ ]

[ ]
[ ]

é [ ] [ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ]
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0 0 0

0 0 0

0 0 0ëë
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ê
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ê

ù

û

ú
ú
ú
ú
ú

´12 12

	

	 Global labels:

	 AB = [13, 14, 15, 16, 17, 18, 1, 2, 3, 4, 5, 6]
	 BC = [1, 2, 3, 4, 5, 6, 19, 20, 21, 22, 23, 24]
	 DE = [25, 26, 27, 28, 29, 30, 7, 8, 9, 10, 11, 12]
	 EF = [7, 8, 9, 10, 11, 12, 31, 32, 33, 34, 35, 36]
	 EB = [7, 8, 9, 10, 11, 12, 1, 2, 3, 4, 5, 6]

	 5.	Fixed end moments and joint load vector:

	 Load is acting only on the member EB. Hence, the fixed end moments 
along the other two members remains zero.

	 Member EB:

	 VA =
´

=
20 6

2
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	 VB = 60kN	

	 MEB =
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	 The joint load vector is the reversal of the fixed end moments. The trans-
pose of the joint load vector is given as follows:

	 JL
T[ ] = - - -{ } ´

0 0 60 60 0 0 0 0 60 60 0
36 1

[ ] 	

	 6.	Stiffness matrix:

13 14 15 16 17 18 1 2 3 4 5 6

0 063 0 0 0 0 0 0 063 0 0 0 0 0

0 0 188 0 0 0 0

K EIAB[ ] =

- ..

.. 3375 0 0 188 0 0 0 0 375

0 0 0 188 0 0 375 0 0 0 0 188 0 0 375 0

0 0 0 0 063

-
-- -

..

. . . .
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-
-
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.

.. .

.. ..

..

.. ..

5
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0 0

-
-- -
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. . . .

..

. .

-
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é

ë

ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
úú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú

13

14

15

16

17
18

1

2

3

4

5

6

	 K KAB ABéë ùû = [ ]	

1 2 3 4 5 6 19 20 21 22 23 24

0 083 0 0 0 0 0 0 083 0 0 0 0 0

0 0 444 0 0 0 0

K EIBC[ ] =

- ..

.. 6667 0 0 444 0 0 0 0 667
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	 K KBC BCéë ùû = [ ]	
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	 K KDE DEéë ùû = [ ]	

7 8 9 10 11 12 31 32 33 34 35 36

0 083 0 0 0 0 0 0 083 0 0 0 0 0

0 0 444 0 0
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	 K KEB EBéë ùû = [ ]	

	 The total stiffness matrix can be formed by assembling the global stiff-
ness matrices of all the members, from which the unrestrained stiffness 
matrix can be partitioned.

1 2 3 4 5 6 7 8 9 10 11 12

0 188 0 0 0 0 0 0 042 0 0 0 0 0

0 0 688 0 0 0 0 125

K EIuu[ ] =
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.. 00 0 056 0 0 0 0 167
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	 7.	Calculation of end moments and reactions:
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0
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	 The member end forces and moments are shown in Figure 4.28. The 
final end moments and reactions are shown in Figure 4.29.

FIGURE 4.28  Member end forces and moments.

FIGURE 4.29  Member end forces and moments.
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MATLAB® program:

%% 3D analysis of space frame
clc;
clear;
%% Input
n = 5; % number of members
EI = [1 1 1 1 1]; %Flexural rigidity
EIy = EI;
EIz = EI;
GI = [0.25 0.25 0.25 0.25 0.25].*EI; %Torsional constant
EA = [0.25 0.25 0.25 0.25 0.25].*EI; %Axial rigidity
L = [4 3 4 3 6]; % length in m
nj = n+1; % Number of Joints
codm = [0 6 0; 4 6 0; 7 6 0; 0 0 0; 4 0 0; 7 0 0]; %Coordinate 
wrt X,Y.Z: size=nj,3
dc = [1 0 0; 1 0 0; 1 0 0; 1 0 0; 0 1 0]; % Direction cosines 
for each member
tytr = [1 1 1 1 2]; % Type of transformation fo each member
psi = [0 0 0 0 90]; % Psi angle in degrees for each member

% C matrix
c1 = [1 0 0; 0 1 0; 0 0 1]; % C matrix for member 1
c2 = [1 0 0; 0 1 0; 0 0 1]; % C matrix for member 2
c3 = [1 0 0; 0 1 0; 0 0 1]; % C matrix for member 3
c4 = [1 0 0; 0 1 0; 0 0 1]; % C matrix for member 4
c5 = [0 1 0; 0 0 1; 1 0 0]; % C matrix for member 5

uu = 12; % Number of unrestrained Degrees-of-freedom
ur = 24; % Number of restrained Degrees-of-freedom
uul = [1 2 3 4 5 6 7 8 9 10 11 12]; % global labels of 
unrestrained dof
url = [13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 
31 32 33 34 35 36]; % global labels of restrained dof

l1 = [13 14 15 16 17 18 1 2 3 4 5 6]; % Global labels for 
member 1 
l2 = [1 2 3 4 5 6 19 20 21 22 23 24]; % Global labels for 
member 2
l3 = [25 26 27 28 29 30 7 8 9 10 11 12]; % Global labels for 
member 3
l4 = [7 8 9 10 11 12 31 32 33 34 35 36]; % Global labels for 
member 4
l5 = [7 8 9 10 11 12 1 2 3 4 5 6]; % Global labels for member 
5
l= [l1; l2; l3; l4; l5];
dof = uu + ur; % Degrees-of-freedom
Ktotal = zeros (dof);

fem1= [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0]; % Local Fixed end 
moments of member 1
fem2= [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0]; % Local Fixed end 
moments of member 2
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fem3= [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0]; % Local Fixed end 
moments of member 3
fem4= [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0]; % Local Fixed end 
moments of member 4
fem5= [0; 0; 60; 60; 0; 0; 0; 0; 60; -60; 0; 0]; % Local Fixed 
end moments of member 5

%% Transformation matrix
T1 = zeros(12);
T2 = zeros(12);
T3 = zeros(12);
T4 = zeros(12);
T5 = zeros(12);
for i = 1:3
    for j = 1:3
        T1(i,j)=c1(i,j);
        T1(i+3,j+3)=c1(i,j);
        T1(i+6,j+6)=c1(i,j);
        T1(i+9,j+9)=c1(i,j);
        T2(i,j)=c2(i,j);
        T2(i+3,j+3)=c2(i,j);
        T2(i+6,j+6)=c2(i,j);
        T2(i+9,j+9)=c2(i,j);
        T3(i,j)=c3(i,j);
        T3(i+3,j+3)=c3(i,j);
        T3(i+6,j+6)=c3(i,j);
        T3(i+9,j+9)=c3(i,j);
        T4(i,j)=c4(i,j);
        T4(i+3,j+3)=c4(i,j);
        T4(i+6,j+6)=c4(i,j);
        T4(i+9,j+9)=c4(i,j);
        T5(i,j)=c5(i,j);
        T5(i+3,j+3)=c5(i,j);
        T5(i+6,j+6)=c5(i,j);
        T5(i+9,j+9)=c5(i,j);
    end
end

%% Getting Type of transformation and Psi angle
for i = 1:n
    if tytr(i) ==1
        fprintf ('Member Number =');
        disp (i);
        fprintf ('Type of transformation is Y-Z-X \n');
    else 
        fprintf ('Member Number =');
        disp (i);
        fprintf ('Type of transformation is Z-Y-X \n');
    end
    fprintf ('Psi angle=');
    disp (psi(i));
end
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%% Stiffness coefficients for each member
sc1 = EA./L;
sc2 = 6*EIz./(L.^2);
sc3 = 6*EIy./(L.^2);
sc4 = GI./L;
sc5 = 2*EIy./L;
sc6 = 12*EIz./(L.^3);
sc7 = 12*EIy./(L.^3);
sc8 = 2*EIz./L;

%% stiffness matrix 6 by 6
for i = 1:n
        Knew = zeros (dof);
        k1 = [sc1(i); 0; 0; 0; 0; 0; -sc1(i); 0; 0; 0; 0; 0];
        k2 = [0; sc6(i); 0; 0; 0; sc2(i); 0; -sc6(i); 0; 0; 0; 
sc2(i)];
        k3 = [0; 0; sc7(i); 0; -sc3(i); 0; 0; 0; -sc7(i); 0; 
-sc3(i); 0];
        k4 = [0; 0; 0; sc4(i); 0; 0; 0; 0; 0; -sc4(i); 0; 0];
        k5 = [0; 0; -sc3(i); 0; (2*sc5(i)); 0; 0; 0; sc3(i); 0; 
sc5(i); 0];
        k6 = [0; sc2(i); 0; 0; 0; (2*sc8(i)); 0; -sc2(i); 0; 0; 
0; sc8(i)];
        k7 = -k1;
        k8 = -k2;
        k9 = -k3;
        k10 = -k4;
        k11 = [0; 0; -sc3(i); 0; sc5(i); 0; 0; 0; sc3(i); 0; 
(2*sc5(i)); 0];
        k12 = [0; sc2(i); 0; 0; 0; sc8(i); 0; -sc2(i); 0; 0; 0; 
(2*sc8(i))];
        K = [k1 k2 k3 k4 k5 k6 k7 k8 k9 k10 k11 k12];
        fprintf ('Member Number =');
        disp (i);
        fprintf ('Local Stiffness matrix of member, [K] = \n');
        disp (K);
        if i == 1
            T = T1; 
        elseif i == 2
            T = T2;
        else 
            T = T3;
        end
        Ttr = T';
        Kg = Ttr*K*T;
        fprintf ('Global Matrix, [K global] = \n');
        disp (Kg);

        for p = 1:12
            for q = 1:12
                Knew((l(i,p)),(l(i,q))) =Kg(p,q);
            end
        end
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        Ktotal = Ktotal + Knew;
        if i == 1
            Tt1= T;
            Kg1=Kg;
            fembar1= Tt1'*fem1;
        elseif i == 2
            Tt2 = T;
            Kg2 = Kg;
            fembar2= Tt2'*fem2;
        elseif i ==3
            Tt3 = T;
            Kg3 = Kg;
            fembar3= Tt3'*fem3;
        elseif i ==4
            Tt4 = T;
            Kg4 = Kg;
            fembar4= Tt4'*fem4;   
         else
            Tt5 = T;
            Kg5 = Kg;
            fembar5= Tt5'*fem5;
        end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);
Kunr = zeros(12);
for x=1:uu
    for y=1:uu
        Kunr(x,y)= Ktotal(x,y);      
    end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kunr);
KuuInv= inv(Kunr);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Creation of joint load vector
jl= [0; 0; -60; 60; 0; 0; 0; 0; -60; -60; 0; 0; 0; 0; 0; 0; 0; 
0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0]; % 
values given in kN or kNm
jlu = jl(1:12,1); % load vector in unrestrained dof
delu = KuuInv*jlu;
fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
delr = [0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 
0; 0; 0; 0; 0; 0];
del = zeros (dof,1);
del = [delu; delr];
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deli= zeros (12,1);
for i = 1:n
    for p = 1:12
        deli(p,1) = del((l(i,p)),1) ;
    end
    if i == 1
            delbar1 = deli;
            mbar1= (Kg1 * delbar1)+fembar1;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar1');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar1');
        elseif i == 2
            delbar2 = deli;
            mbar2= (Kg2 * delbar2)+fembar2;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar2');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar2');
        elseif i ==3
            delbar3 = deli;
            mbar3= (Kg3 * delbar3)+fembar3;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar3');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar3'); 
        elseif i ==4
            delbar4 = deli;
            mbar4= (Kg4 * delbar4)+fembar4;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar4');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar4'); 
        else
            delbar5 = deli;
            mbar5= (Kg5 * delbar5)+fembar5;
            fprintf ('Member Number =');
            disp (i);
            fprintf ('Global displacement matrix [DeltaBar] = \n');
            disp (delbar5');
            fprintf ('Global End moment matrix [MBar] = \n');
            disp (mbar5'); 
     end
end
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%% check
mbar = [mbar1'; mbar2'; mbar3'; mbar4'; mbar5'];
jf = zeros(dof,1);
for a=1:n 
    for b=1:12 % size of k matrix
        d = l(a,b);
        jfnew = zeros(dof,1);
        jfnew(d,1)=mbar(a,b);
        jf=jf+jfnew;
    end
end
fprintf ('Joint forces = \n');
disp (jf');
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5 Analysis of Special 
Members

5.1 � THREE-DIMENSIONAL ANALYSIS OF TRUSS STRUCTURES

There are several general assumptions made in the two-dimensional analysis of 
truss structures. Joints are assumed to be pinned connections, which is one of the 
basic assumptions made in the analysis of planar frames. It is also valid for three-
dimensional truss systems. A beam element developed earlier, will be used here with 
a small modification. Assume that the beam element has spherical hinges at both 
ends. The consequence of this assumption is that the beam can freely rotate about 
any axes. Thus, the end rotations will be zero. For the beam element in three-dimen-
sional analysis, the number of degrees-of-freedom is 12. Each end will have three 
translations and three rotations. But, in this case, the beam element is restrained with 
spherical hinges. Thus, the beam element will have three displacement components 
at each end of the member. The truss member can resist only axial deformation and 
axial forces, which makes the stiffness matrix of order 6 × 6.

Consider a typical truss member arbitrarily oriented, as shown in Figure 5.1. The 
local axes system and the reference axes system for the member are marked. The 
degrees-of-freedom in the local and reference axes system are also marked at both 
ends of the truss member. The corresponding axial forces are mentioned in brackets.

Thus, the forces and displacement at the jth end and kth end in the local axes 
system are connected using the stiffness matrix as follows:
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	 P KT i T i T i
{ } = éë ùû { }d 	 (5.1)

In the previous equation, ‘T’ represents the truss element and ‘i’ represents the mem-
ber number. Now, the forces in the local axes system and the reference axes system 
are connected using the transformation matrix.
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	 P T PT i T i T i
{ } = éë ùû { } 	

(5.2)

The transformation matrix for the truss member can be written as follows:
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Hence, the following equations will be valid for the truss member also.

	
d dT i T i T
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T i T i

T
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	 (5.3)

Further, we can also say,
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d
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	 (5.4)

For a truss member that is arbitrarily oriented in space, one can either use Y-Z-X 
transformation or Z-Y-X transformation. Therefore, all equations for both the trans-
formations derived previously for the three-dimensional beam element for obtaining 
the ψ angle are applicable without any changes to the truss member. If the truss 

FIGURE 5.1  Local and reference axes system.



207Analysis of Special Members﻿

members are loaded only at the joints (which is a common phenomenon), orientation 
of the local axes of the member with respect to the reference axes of the system is 
not important. In such a case, the local axes system can be positioned so that the ψ 
angle is practically zero.

Thus,
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5.2 � SPECIAL ELEMENTS

The structural members with a varying cross-section and non-uniform moment of 
inertia can be called special elements. Consider an element with one end fixed and 
another end hinged, as shown in Figure 5.2. The support conditions considered here 
are different from those of the standard beam element considered previously. The 
special member will then be converted to the conventional member with the proce-
dure followed so far. The problem can now be converted into a fixed beam with the 

FIGURE 5.2  Degrees-of-freedom.
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hinge introduced at one end, with a uniform moment of inertia, Young's modulus and 
area of cross-section. But, there is an unrestrained degree-of-freedom at the end with 
the hinge, the remaining degrees being restrained. The degrees-of-freedom are then 
marked for the beam element.

Thus,

Unrestrained degrees-of-freedom = 1 (θ1)
Restrained degrees-of-freedom = 5 (θ2, θ3, δ4, δ5, δ6)

For a standard beam element, the stiffness matrix can be written as follows:
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For this case, the stiffness matrix can be split into the following submatrices:
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Now, the stiffness matrix for the special element is given by,
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By substituting the values of submatrices in the previous equation,
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Thus, it can be seen that the stiffness method can be conveniently modified to 
analyze any element with varied boundary conditions or support conditions. It 
is very interesting to note that we are using the same procedure as developed 
for the conventional beam element to derive the stiffness matrix of a special 
element.

5.3 � NON-PRISMATIC MEMBERS

Non-prismatic members are the common application in offshore structures. 
Depending upon the topside requirements, there may be a possibility that the 
beam moment of inertia can vary depending upon the span length. This kind 
of problem can be handled using the substructure technique. We already know 
that the beam element with special support conditions can be handled as a con-
ventional problem by partitioning the matrices. This is called the substructure 
technique.
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Example Problem with Computer Program

EXAMPLE 5.1:

Analyze the beam shown in Figure 5.3 using the substructure technique.

Solution:
	 1.	Mark the degrees-of-freedom:

	 Assume a structural hinge at point ‘B’, and mark the unrestrained and 
restrained degrees-of-freedom, as shown in Figure 5.4.

	 Unrestrained degrees-of-freedom = 3
	 Restrained degrees-of-freedom = 6
	 Thus, the total number of degrees-of-freedom is nine.

	 Global labels:

	 AB = [4,1,6,2,8,3]
	 BC = [1,5,2,7,3,9]

	 2.	Stiffness matrix:

	 The conventional stiffness matrices for both the members can be written 
as follows:
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FIGURE 5.3  Beam example.
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	 The total stiffness matrix is developed by assembling the previous stiff-
ness matrices.

1 2 3 4 5 6 7 8 9
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	 Now, the following submatrices can be written from the total stiffness 
matrix.
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FIGURE 5.4  Unrestrained and restrained degrees-of-freedom.
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	 3.	Calculation of fixed end moments and joint load vector:

	 FEM FEMAB BC[ ] =

-
ì

í

ï
ï
ïï

î

ï
ï
ï
ï

ü

ý

ï
ï
ïï

þ

ï
ï
ï
ï

[ ] =

26 667

26 667

40

40

0

0

.

.

, [[ ]0 	

JL{ } =

-

-

-

ì

í

ï
ï
ï
ï
ï
ï

î

ï
ï
ï
ï
ï
ï

ü

ý

ï
ï
ï
ï
ï
ï

þ

ï
ï
ï
ï
ï

26 667

40

0

26 667

0

40

0

0

0

.

.

ïï
´9 1

1

2

3

4

5

6

7

8

9

	 4.	Calculation of end moments and reactions:

	 R K K J Jr ru uu Lu Lr{ } = [ ][ ] { } -{ }-1
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	 The member end forces and moments are shown in Figure 5.5 and the 
fixed end moments and reactions are shown in Figure 5.6.

MATLAB® program

%% stiffness matrix method for non prismatic members
% Input
clc;
clear;
n = 2; % number of members
I1 = 0.0031; %value in m4
A1 = 0.15; %value in m2
I = [1.5*I1 I1]; %Moment of inertis in m4
L = [4 2]; % length in m
A = [1.25*A1 A1]; % Area in m2
uu = 3; % Number of unrestrained degrees of freedom
ur = 6; % Number of restrained degrees of freedom
uul = [1 2 3]; % global labels of unrestrained dof
url = [4 5 6 7 8 9]; % global labels of restrained dof
l1 = [4 1 6 2 8 3]; % Global labels for member 1 

FIGURE 5.5  Member end forces and moments.

FIGURE 5.6  Final end forces and moments.
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l2 = [1 5 2 7 3 9]; % Global labels for member 2
l= [l1; l2];
dof = uu+ur;
Ktotal = zeros (dof);
fem1= [26.67 -26.67 40 40 0 0]; % Local Fixed end moments of 
member 1
fem2= [0 0 0 0 0 0]; % Local Fixed end moments of member 2

%% rotation coefficients for each member
rc1 = 4.*I./L;
rc2 = 2.*I./L;
rc3 = A./L;

%% stiffness matrix 4 by 4 (axial deformation neglected)
for i = 1:n
      Knew = zeros (dof);
      k1 = [rc1(i); rc2(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0];
      k2 = [rc2(i); rc1(i); (rc1(i)+rc2(i))/L(i); 
(-(rc1(i)+rc2(i))/L(i)); 0; 0];
      k3 = [(rc1(i)+rc2(i))/L(i); (rc1(i)+rc2(i))/L(i); 
(2*(rc1(i)+rc2(i))/(L(i)^2)); (-2*(rc1(i)+rc2(i))/(L(i)^2)); 
0; 0];
      k4 = -k3;
      k5 = [0; 0; 0; 0; rc3(i); -rc3(i)];
      k6 = [0; 0; 0; 0; -rc3(i); rc3(i)];
      K = [k1 k2 k3 k4 k5 k6];
      fprintf ('Member Number =');
      disp (i);
      fprintf ('Local Stiffness matrix of member, [K] = \n');
      disp (K);
      for p = 1:6
          for q = 1:6
              Knew((l(i,p)),(l(i,q))) =K(p,q);
          end
      end
      Ktotal = Ktotal + Knew;
      if i == 1
          Kg1=K;
      elseif i == 2
          Kg2 =K;
      end
end
fprintf ('Stiffness Matrix of complete structure, [Ktotal] = \n');
disp (Ktotal);

%% Kuu matrix
Kuu = zeros(uu);
for x=1:uu
      for y=1:uu
          Kuu(x,y)= Ktotal(x,y);
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      end
end
fprintf ('Unrestrained Stiffness sub-matrix, [Kuu] = \n');
disp (Kuu);
KuuInv= inv(Kuu);
fprintf ('Inverse of Unrestrained Stiffness sub-matrix, 
[KuuInverse] = \n');
disp (KuuInv);

%% Krr matrix
Krr = zeros(ur);
for x=(1+uu):dof
      for y=(1+uu):dof
          Krr((x-uu),(y-uu))= Ktotal(x,y);
      end
end
fprintf ('Restrained Stiffness sub-matrix, [Krr] = \n');
disp (Krr);

%% Kur matrix
Kur = zeros(uu,ur);
for x=1:uu
      for y=(1+uu):dof
          Kur((x),(y-uu))= Ktotal(x,y);
      end
end
fprintf ('[Kur] = \n');
disp (Kur);

%% Kru matrix
Kru = zeros(ur,uu);
for x=(1+uu):dof
      for y=1:uu
          Kru((x-uu),(y))= Ktotal(x,y);
      end
end
fprintf ('[Kru] = \n');
disp (Kru);

%% K modified
Kmod = Krr - (Kru*KuuInv*Kur);
fprintf ('Modified Stiffness matrix = \n');
disp (Kmod);

%% Creation of joint load vector
jl= [26.67; -40; 0; -26.67; 0; -40; 0; 0; 0]; % values given 
in kN or kNm
jlu = [26.67; -40; 0]; % load vector in unrestrained dof
jlr = [-26.67; 0; -40; 0; 0; 0]; % load vector in restrained 
dof
delu = KuuInv*jlu;
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fprintf ('Joint Load vector, [Jl] = \n');
disp (jl');
fprintf ('Unrestrained displacements, [DelU] = \n');
disp (delu');
Rr = (Kru*KuuInv*jlu) - jlr;
fprintf ('Rr vector = \n');
disp (Rr');
delr = [0; 0; 0; 0; 0; 0];
del = [delu; delr];
deli= zeros (6,1);
for i = 1:n
      for p = 1:6
          deli(p,1) = del((l(i,p)),1) ;
      end
      if i == 1
          delbar1 = deli;
          mbar1= (Kg1 * delbar1)+fem1';
          fprintf ('Member Number =');
          disp (i);
          fprintf ('Global displacement matrix [DeltaBar] = \n');
          disp (delbar1');
          fprintf ('Global End moment matrix [MBar] = \n');
          disp (mbar1');
      elseif i == 2
          delbar2 = deli;
          mbar2= (Kg2 * delbar2)+fem2';
          fprintf ('Member Number =');
          disp (i);
          fprintf ('Global displacement matrix [DeltaBar] = \n');
          disp (delbar2');
          fprintf ('Global End moment matrix [MBar] = \n');
          disp (mbar2');
      end
end

%% check
mbar = [mbar1'; mbar2'];
jf = zeros(dof,1);
for a=1:n 
      for b=1:4 % size of k matrix
          d = l(a,b);
          jfnew = zeros(dof,1);
          jfnew(d,1)=mbar(a,b);
          jf=jf+jfnew;
      end
end
fprintf ('Joint forces = \n');
disp (jf');
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MATLAB output:

Member Number =     1
Local Stiffness matrix of member, [K] = 

0.0046 0.0023 0.0017 -0.0017 0 0
0.0023 0.0046 0.0017 -0.0017 0 0
0.0017 0.0017 0.0009 -0.0009 0 0
-0.0017 -0.0017 -0.0009 0.0009 0 0

0 0 0 0 0.0469 -0.0469
0 0 0 0 -0.0469 0.0469

Member Number =     2
Local Stiffness matrix of member, [K] = 

0.0062 0.0031 0.0046 -0.0046 0 0
0.0031 0.0062 0.0046 -0.0046 0 0
0.0046 0.0046 0.0046 -0.0046 0 0
-0.0046 -0.0046 -0.0046 0.0046 0 0

0 0 0 0 0.0750 -0.0750
0 0 0 0 -0.0750 0.0750

Stiffness Matrix of complete structure, [Ktotal] = 

0.0108 0.0029 0 0.0023 0.0031 0.0017 -0.0046 0 0

0.0029 0.0055 0 -0.0017 0.0046 -0.0009 -0.0046 0 0

0 0 0.1219 0 0 0 0 -0.0469 -0.0750

0.0023 -0.0017 0 0.0046 0 0.0017 0 0 0

0.0031 0.0046 0 0 0.0062 0 -0.0046 0 0

0.0017 -0.0009 0 0.0017 0 0.0009 0 0 0

-0.0046 -0.0046 0 0 -0.0046 0 0.0046 0 0

0 0 -0.0469 0 0 0 0 0.0469 0

0 0 -0.0750 0 0 0 0 0 0.0750

Unrestrained Stiffness sub-matrix, [Kuu] = 

0.0108 0.0029  0
0.0029 0.0055  0

0  0 0.1219

Inverse of Unrestrained Stiffness sub-matrix, [KuuInverse] = 

107.2916 -56.4693  0
-56.4693 210.8186  0

0  0 8.2051
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Restrained Stiffness sub-matrix, [Krr] = 

0.0046 0 0.0017 0 0 0
0 0.0062 0 -0.0046 0 0

0.0017 0 0.0009 0 0 0
0 -0.0046 0 0.0046 0 0
0 0 0 0 0.0469 0
0 0 0 0 0 0.0750

[Kur] = 

0.0023 0.0031 0.0017  -0.0046  0  0
-0.0017 0.0046  -0.0009  -0.0046  0  0

0  0  0  0  -0.0469  -0.0750

[Kru] = 

0.0023 -0.0017 0
0.0031 0.0046 0
0.0017 -0.0009 0

-0.0046 -0.0046 0
0 0 -0.0469
0 0 -0.0750

Modified Stiffness matrix = 

0.0030 0.0012 0.0007 -0.0007 0 0
0.0012 0.0022 0.0006 -0.0006 0 0
0.0007 0.0006 0.0002 -0.0002 0 0
-0.0007 -0.0006 -0.0002 0.0002 0 0

0 0 0 0 0.0288 -0.0288
0 0 0 0 -0.0288 0.0288

Joint Load vector, [Jl] = 

26.6700 -40.0000 0 -26.6700 0 -40.0000 0 0 0

Unrestrained displacements, [DelU] = 

1.0e+03 *
5.1202 -9.9388 0

Rr vector = 

55.9053 -30.3426 57.5938 22.4062 0 0
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Member Number =	  1
Global displacement matrix [DeltaBar] = 

1.0e+03 *
0 5.1202 0 -9.9388 0 0

Global End moment matrix [MBar] = 

55.9053 14.4698 57.5938 22.4062 0 0

Member Number =	  2
Global displacement matrix [DeltaBar] = 

1.0e+03 *
5.1202 0 -9.9388 0 0 0

Global End moment matrix [MBar] = 

-14.4698 -30.3426 -22.4062 22.4062 0 0

Joint forces = 

0 -0.0000 0 55.9053 -30.3426 57.5938 22.4062 0 0
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Appendix

STIFFNESS MATRIX DERIVATION USING THE ENERGY METHOD

The energy method is the basis for the derivation of the member stiffness matrix. 
This method can be applied to analyze structures with any geometric shape. The 
major assumption made in this method is that the members does not have any geo-
metric non-linearity or P-Δ effect. Based on this assumption, the following assump-
tion is valid:

	
d y

dx

M

EI

2

2 = 	 (A.1)

where,
	 y	 is the displacement,
	 M	 is the moment and
	EI	 is the flexural rigidity.

The same equation can be extended to standard potential energy. The principle of 
stationary potential energy states that, “When a system is in a state of equilibrium, 
the first derivative of the local potential energy of the structural system with respect 
to the joint displacement is zero.” Mathematically this can be expressed as,

	
¶
¶

= = ¼V

dj
j n0 1 2, , ,for 	 (A.2)

where,
	 V	 is the total potential energy,
	 dj	 is the joint displacement and
	 j	 is the number of joints in the structure.

The total potential energy has two components such as external potential energy 
and internal potential energy. It is given by,

	 V W W= +ext int	 (A.3)

The external potential energy is the sum of the products of applied loads and cor-
responding displacements in the structure. Thus,

	 W Pj j

j

n

ext =
=
å d

1

	 (A.4)

Appendix Appendix
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where,
	 Pj	 is the applied load at point j and
	 δj	 is the displacement at point j in the direction of Pj.

The internal potential energy is the sum of the products of internal stresses and 
strains. Mathematically,

	 W d dvint * *= òò s e
e

0vol

	 (A.5)

where,
σ			   is the stress at any internal point,
dε			   is the strain at the same point and

s e
e

* d
0ò 	� represents the amount of internal energy created at any point in a sys-

tem that has unit volume.

To apply this equation for the analysis of the structure, the volume of the structure 
should be known, which is very hard to find for non-rectilinear members. Thus, a 
different method or analogy is used for solving the problem.

Alternatively, internal potential energy is also equivalent to the internal work 
done. Internal work performed on a system stores energy in the system. This is com-
monly known as strain energy, U. Internal potential energy and strain energy are 
related as follows:

	 W Uint = - 	 (A.6)

Substituting equation A.6 in equation A.3,

	 V W U= -ext 	 (A.7)

Substituting equation A.7 in equation A.2,

	
¶
¶

- =
dj

W U( )ext 0	

or

	
¶
¶

- =
dj

U W( )ext 0	 (A.8)

This equation is used to find the elements of the stiffness matrix.

A.1  AXIAL STRAIN ENERGY

Axial strain energy is the primary type of strain energy stored in members under axial 
forces like truss members. Consider a truss member of length ‘l’ and cross-sectional 
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area ‘A’ with nodes j and k. The member is oriented along the X-axis, as shown in 
Figure A.1.

The member is displaced along the direction of the X-axis with displacements δt 
and δh at nodes j and k respectively. The displaced position of the truss member is 
shown in Figure A.1.

Axial strain energy stored in the member is given by,

	 U
N

AE
dx

o

L

axial = ò
2

2
1

	 (A.9)

Considering uniform AE throughout the section,

	 U
N

AE
Laxial =

2

2
	 (A.10)

By considering the axial displacements at both the nodes, the net elongation is given by,

	 e h t= -d d 	 (A.11)

For uniform extension of the member under the axial load, the net elongation is given by,

	 e
NL

AE
= 	 (A.12a)

	 N e
AE

L
= æ

è
ç

ö
ø
÷	 (A.12b)

FIGURE A.1  Original and displaced position of member.
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Substituting equation A.12b in equation A.10, the axial strain energy for uniform 
cross-section is given by,

	 U e
AE

L

L

AE
axial =

æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú

2

2
	

	 U
e

L
AEaxial =

2

2
	 (A.13)

Substituting equation A.11 in equation A.13,

	 U
AE

L
h taxial = -( )

2

2
d d 	 (A.13a)

A.2  BENDING STRAIN ENERGY

Bending strain energy is the primary type of energy stored in beams and frames. 
Bending strain energy is given by,

	 U
M dx

EI
O

L

bending = ò
2

2
	 (A.14)

where,
M is the moment causing bending on the ith member, as shown in Figure A.2.

The elastic curve is related to the loading diagram or the applied moment by the 
following relationship:

	 EI
d y

dx
M

2

2 = 	 (A.15)

FIGURE A.2  Loading and bending moment diagram.
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Substituting equation A.15 in equation A.14, we get

	

U EI
d y

dx EI
dx

EI
EI

d y

dx

O

L

O

L

bending =
é

ë
ê

ù

û
ú

= ( ) é
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ê

ù
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ò
2

2

2

2
2

2
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1
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1
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ò=
é

ë
ê

ù

û
ú

dx

EI d y

dx
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O

L

2

2

2

2

	 (A.16)

The previous equation is valid for members with non-varying EI. Now, the previous 
equation should be expressed in terms of displacements mentioned in the deflected 
profile in Figure A.3.

Consider a beam of length ‘L’ with a uniformly distributed load of ‘w’ for the 
entire length. The member is oriented along the X-axis. Mp is the moment at the jth 
end, Mq is the moment at the kth end, Pr is the reaction at the jth end and Ps is the 
reaction at the kth end. The corresponding displacements at j and k ends are shown 
in the elastic curve.

Consider a section X-X at a distance ‘x’ from the jth end of the member. The 
moment at the section is taken as ‘M’. Taking the moment about X-X from the left 
of the section,

	 M
wx

P x Mp r-
æ

è
ç

ö

ø
÷ - ( ) + =

2

2
0 	

Rearranging the previous equation,

FIGURE A.3  Loading diagram and elastic curve.
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	 M M P x
wx

p r+ - ( ) - æ
è
ç

ö

ø
÷ =

2

2
0 	 (A.17)

	 M M P x
wx

p r= - + ( ) + æ
è
ç

ö

ø
÷

2

2
	 (A.17a)

Substituting equation A.17a in equation A.15,

	 EI
d y

dx
M P x

wx
p r

2

2

2

2

æ

è
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ø
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è
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ø
÷	 (A.17b)

By integrating the previous equation once, we will get the slope equation.

	
dy

dx

M

EI
x

P x

EI

wx

EI
Cp ræ

è
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ø
÷ = - +
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è
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2 3

1
2 6

	 (A.18)

The following boundary conditions are applied in the previous equation to get the 
value of the constant.

	 1.	
dy

dx
p= q  at x = 0.

	 2.	y = δr at x = 0.

Substituting x = 0 in equation A.18,

	 C p1 = q 	

By substituting the value of the constant in equation A.18, the slope equation is 
given by,

	
dy

dx

M

EI
x

P x

EI

wx

EI
p r

p
æ
è
ç

ö
ø
÷ = - +

( )
+
æ

è
ç

ö

ø
÷ +

2 3

2 6
q 	 (A.19)

The previous equation is again integrated to get the equation for displacement,

	 y
M

EI
x

P x

EI

wx

EI
x Cp r

p= - +
( )

+
æ

è
ç

ö

ø
÷ + +2

3 4

2
6 24

q 	

Again applying the boundary conditions to get the value of the constant in the dis-
placement equation,

	 C r2 = d 	
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Hence,

	 y x
M

EI
x

P x

EI

wx

EI
r p

p r
= + - +

( )
+
æ

è
ç

ö

ø
÷d q

2 6 24
2

3 4

	 (A.20)

Now, the following set of boundary conditions are applied in equations A.19 and 
A.20,

	 1.	
dy

dx
q= q  at x = L.

	 2.	y = δs at x = L.

Equation A.19 becomes,

	 q qq p
p rM

EI
L

P L

EI

wL

EI
= - +

( )
+
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è
ç

ö

ø
÷

2 3

2 6
	 (A.19a)

Equation A.20 becomes,

	 d d qs r p
p r

L
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EI
L

P L

EI
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EI
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( )
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2 6 24
2

3 4

	 (A.20a)

Rewriting equations A.19a and A.20a as follows:
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The previous equations are solved to get Mp and Pr as follows:

	 M
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L L L

wL
p p q
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6 2 2
22 q q d d

	 (A.22)

Equations A.21 and A.22 give the stiffness coefficients of the first and third column 
of the stiffness matrix, respectively.

Thus at jth end of the member,

	 M
EI

L L L

wL
p p q

r s= + + -é
ëê

ù
ûú
-
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è
ç
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ø
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6 6
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q q d d
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Similarly, at kth end,
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6 2 2
22 q q d d

	 (A.26)

In the previous equations, 
wL2

12
 is the fixed end moment of the member with udl 

under consideration and wL/2 is the reaction.
Substituting equations A.23 and A.24 in equation A.20, we get
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θ θ δ δ
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The previously mentioned is rearranged in such a way by retaining the displacement 
parameters and replacing the remaining terms with an arbitrary function G(x). G(x) 
is not a function of displacement and hence, on differentiation with respect to any 
displacement, will become zero.

Thus, equation A.27 becomes
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p q
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p q
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2q q d d q q d d

GG x( ) 	 (A.29)

The square of the previously mentioned term should be used in the equation for 
bending to get the bending strain energy. This process will be cumbersome and 
hence the following analogy is followed. The displacement is separated into two 
terms as mentioned subsequently:

	 y y y f= + 	
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where,

	 y x
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(A.30)

	 y G xf = ( )	

Thus,

	 ′ = ′ + ′y y yf 	

	 ′′ = ′′ + ′′y y y f 	 (A.31)

Substituting equation A.31 in equation A.16,
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where,
	 I1	 is the function of displacement. The integral of functions I2 and I3 will 

become zero.

Hence, the bending strain energy can be written as follows:

	 U
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2
	 (A.32)

Now, the previous equation is a function of displacement only. From equation A.29,
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Substituting the previous equation in the bending strain energy equation A.32, we 
will get,

U
EI

L L L
p p q p p q r s rbending = + +éë ùû + +( ) -( )éë ùû + -2 3 32 2

2q q q q q q d d d dss C( ) +
2

	 (A.33)

The previous equation is used for developing the stiffness matrix of a member.
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For the member, the external work done is given by,

	 W Pj i

j

n

ext =
=
å d

1

	

Thus,

	 W M M P Pp p q q r r s sext = + + +q q d d 	 (A.34)

From equation A.7, the stationary potential energy is given by,

	 V W U= -ext 	

The differential of the stationary potential energy equation will give a series of 
equations from which the stiffness matrix of the member can be developed.

The equations are as follows:
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Writing the previous equations in matrix form,
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Thus, from the previous matrix equation, the stiffness matrix of the member can 
be written as follows:
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